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Derived Categories of Artin-Mumford double solids 


Shinobu Hosono and Hiromichi Takagi 


Abstract. We consider the derived category of an Artin-Mumford quartic 
double solid blown-up at ten ordinary double points. We show that it 
has a semi-orthogonal decomposition containing the derived category of 
the Enriques surface of a Reye congruence. This answers affirmatively a 
conjecture by Ingalls and Kuznetsov. 


1. Introduction 

Throughout this paper, we work over C, the complex number field. We fix a four 
dimensional vector space V, and denote by V* the dual vector space of V, and by 
P(V) the projectivization of V. 

1.1. Classical backgrounds and motivations. An Artin-Mumford quartic dou¬ 
ble solid is the double cover Y of the 3-dimensional projective space branched along 
a quartic surface. Y is singular at ten ordinary double points. Artin and Mumford 
showed that it is unirational but irrational [ 2 ] . They established its irrationality by 
showing its desingularization has a nonzero torsion in the Brauer group. In m, 
Cossec pointed out that an Artin-Mumford quartic double solid is paired with the 
so-called Enriques surface of a Reye congruence , which we denote by X in this 
paper. The history of Enriques surfaces of Reye congruences goes back to the work 
by Reye [43] in the 19th century, and later they were intensively studied by Fano 

pfei ni)j . 

The relationship between X and Y can be described in the following diagram 
(the section ITU : 

(1.1) Z- 


X c G(2,4), 

where Z —» G(2,4) is the blow-up along X and Z —> Y is a generically conic 
bundle. X C G(2,4) is called a congruence since classically a congruence means a 
2-dimensional family of lines in P 3 . X C G(2,4) is called the Fano model of the 
Enriques surface of a Reye congruence. Beauville recalculated in [5] the torsion 
part of the Brauer group of X by comparing H 2 (X, Z) and H 3 (Y 1 Z) by using the 
diagram mu, where Y is the blow-up of Y at the ten ordinary double points. 

Recently, Ingalls and Kuznetsov [30] Thm. 4.3] showed that the derived cate¬ 
gories of X and Y have respective semi-orthogonal decompositions with a certain 
triangulated subcategory in common. They also conjectured [ibid., Conj. 4.2] that 
the derived category of Y has a semi-orthogonal decomposition containing the de¬ 
rived category of X. The main result of this paper is an affirmative solution to this 
conjecture. 

1.2. Statement of the main result. Let us denote by yi ,..., j/io the ten ordinary 
double points of Y and by A) ~ P 1 x P 1 (i = 1,..., 10) the exceptional divisors over 
yi of the blow-up Y —> Y . We also denote by i,;T the closed embeddings. 


l 
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We define a categorical resolution V Y of V b (Y ) in the sense of Kuznetsov [35]. For 
this, we choose a dual Lefschetz decomposition of V b (Fi); 

V b (F i ) = (A 1 (-l,-l),A 0 ), 

where 

A 0 = (0 Fi {0,~l),0 Fi {-l,0),0 Fi ), A! = (0 Fi ), 

with (—1, —1) meaning the twist by 0 Fi (— 1, —1). The categorical resolution 

V Y C V b {Y) 

of T> b (Y) with respect to this dual Lefschetz decomposition is defined to be the 
left orthogonal to the subcategory —1, —l)}i=i.)- Therefore we have the 

following semi-orthogonal decomposition of V b (Y): 

V b {Y)={{u u O Fi {-l,-l)}\i 1 ,V Y ). 

Let Oy( 1) be the pull-back of 0^(1) by the composite Y —>• Y —>• P 3 . 

Theorem 1.2.1. Suppose that the branch locus H of Y P 3 does not contain 
a line. Then there exists a fully faithful Fourier-Mukai functor <f>i: T> b (X) —> T> Y 
giving the following semi-orthogonal decomposition of the categorical resolution T> Y : 

V Y = ($ 1 (P b (X)),0 ? (l),0 ? (2)). 

The method of the proof of Theorem ll.2.1l is similar to that of our previous work 
[26] . which is based on our fundamenatal papers [241 25]. By our method, we also 
reproduce [3D] Thm. 4.3] in the subsection 17.31 

Recently, in m, the authors studied smooth projective 3-folds whose derived 
categories include those of Enriques surfaces, and discuss irrationality of such 3- 
folds in view of the theory of homological mirror symmetry. Theorem 1 1.2. II and the 
affirmative solution to [42] Conj. 1] would imply immediately that the motif of X 
with rational coefficient is a direct summand of that of Y. 

The key idea to our proof of Theorem 11.2.11 is to construct the kernel of the 
Fourier-Mukai functor 4>i. Taking the images by Z —>• Y of fibers of the blow¬ 
up Z —> G(2,4) and modifying them slightly on Y, we may construct a family of 
curves in Y parameterized by X (Ai — > X defined in the subsection 17.31) . A naive 
candidate of the kernel is the ideal sheaf in Oy xX of this family of curves. It, 
however, turns out that this does not give a fully faithful functor. Our kernel of <f>i 
is a certain modification of this ideal sheaf. 

1.3. Orthogonal linear section and homological projective duality. In our 

proof of Theorem 11.2.11 we compute the images of several objects by the functor 
along the theory of homological projective duality due to Kuznetsov in Ell- 
Let us consider the pair X and Y from this viewpoint. Then X is a subvariety 
of the second symmetric product 3F := S 2 P(K) of P(K) embedded by the Chow 
form into P(S 2 K). Y is a subvariety of the double cover of the dual projective 
space P(S 2 K*) branched along the quartic hypersurface which is the locus of corank 
> 1 quadrics in P(K). We have studied 3F and ^ as (double covers of) symmetric 
determinantal loci and obtained their basic results in [24] , For X and Y, there 
exists a four-dimensional vector subspace L 4 C S 2 K* such that Y is the pull-back 
of P 3 := P(L 4 ) ^ P 3 by the double covering -» P(S 2 K*), and X = 3F C\ P(Lf), 
where Lf is the orthogonal space to L 4 with respect to the dual pairing of S 2 K 
and S 2 K*. We remark that the embedding X C P(T^-) ~ P 5 is different from 
the Fano model; it is called the Cayley model of the Reye congruence. From this 
viewpoint, the pair X and Y is an example of orthogonal linear sections , which 
were initially employed systematically by Mukai [ID] in his studies of Fano 3-folds 
and K 3 surfaces. 
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The main result and the constructions in this paper may be regarded a step to 
establish that SC and W are homologically projective dual. We refer the precise 
definition of homological projective duality to m- Here we only mention that, if 
two varieties E and E* with respective morphisms to the dual projective spaces 
P N and (P N )* are homological projective dual, then the relationships between the 
derived categories of any orthogonal linear sections are established simultaneously. 
Therefore, once SC and & are shown to be homologically projective dual to each 
other, Theorem 11.2.11 will follow immediately from [ibid., Thm. 6.3]. 

We construct the kernel of the functor <f>i by restricting to Y x X a certain rank 
two reflexive sheaf V on "V C W x SC, where *3f and SC are suitable desingular- 
izations of Sf and SC respectively constructed in [23] , and 'Y is the pull-back of 
the universal family of hyperplane sections. The sheaf V is constructed naturally 
from the geometry of Grassmannians. We also construct a locally free resolution 
of L-//SP fTheorem l6.3.2[) . where i-y is the natural closed embedding Y <3/ x SC. 
This resolution enables us to compute the images of several objects by the functor 

$i. 

The definition of homological projective duality requires special types of semi- 
orthogonal decomposition called (dual) Lefschetz decompositions in (noncommuta- 
tive resolutions of) the derived categories of varieties. As a strong evidence of the 
homological projective duality between ^ and SC, we can read off (dual) Lefschetz 
collections in the derived categories of & and SC from the locally free resolution of 
t-y*V (G3 Cor. 3.3 and 5.11]). 

1.4. Relations with previous works. Homological projective duality is a pow¬ 
erful guiding principle in describing derived categories of projective varieties but it 
is often hard to show a plausible candidate of a pair of variety E and E* is actually 
homologically projective dual. On the contrary, for such a candidate E and E*, it 
is usually less hard to establish the relationships between the derived categories of 
individual orthogonal linear sections. One such example is the Grassmann-PfafRan 
derived equivalence [5]. We gave another example in [26| after the fundamental 
works EU ES], by showing the derived equivalence between the smooth Calabi- 
Yau threefold of a Reye congruence and its orthogonal linear section which is also 
a Calabi-Yau threefold. 

1.5. Structure of the paper. We state general results in the section [2] In the 
section [3] we review the constructions of (double) symmetric loci and introduce X 
and Y as orthogonal linear sections of SC and *3?. In the section[3l we also introduce 
another pair W and S of orthogonal linear sections, where IT is a 3-dimensional 
linear section of SC, and S' is a 2-dimensional linear section of . The plausible 
homological projective duality of SC and <3f indicates a close relation between the 
derived categories of W and S. We establish this relation in the section [I] (Theorem 
14. 2. 2D . W and S also play crucial roles in our proof of Theorem ll.2.11 In the section 
[5] we review the constructions of birational models of Sf and introduce generically 
conic bundles over them, which are used in the construction of the sheaf V in the 
section [6] We obtain a locally free resolution of iySP in the appendix [A] In the 
section [7] we prove Theorem 11.2.11 and give a new proof of the result by Ingalls and 
Kuznetsov. 
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question about derived category. 
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Convention 1.5.1. Throughout the article, we consider several varieties E with 
morphisms E —> P(S 2 P), E —> IP(S 2 P*), or E —> G(2, V). We denote by (without 
suffix) 

H , M, L 

the pull-backs of 0p(s 2 v)(l) ; C , p(s 2 v*)(l)i an( i ^G( 2 ,v)(l)> respectively if E has a 
morphism to P(S 2 P), P(S 2 P*), or G(2, V). 

2. Basic general results 

Theorem 2.0.2. (Grothendieck-Verdier duality) Let f: A —> Y be a proper 
morphism of smooth varieties X and Y. Set n := dim A — dimY. We have the 
following functorial isomorphism: For T* £ T> b (X) and £ m £ T> b {Y), 

RflRHom(T',Lf*£' ®uj x/Y [n}) ~ Rnom(Rf*T' ,£•). 

In particular, if £ m and J- m are locally free (we write them simply £ and J-) and if 
R m f*T = f*F, then 

R m+n U(F* ® f*£ ® u x/Y ) ~ £xf(f,F, £). 

Proof. See E3 Thin. 3.34], □ 

For our proof of the fully faithfulness of <f>i in Theorem ll.2.11 we use the following 
fundamental result: 

Theorem 2.0.3. Let X and Y be smooth projective varieties and V a coherent 
sheaf on X xY flat over X. Then the Fourier-Mukai functor Q-p : V b (X) —> V b (Y) 
with the kernel V is fully faithful if and only if the following two conditions are 
satisfied: 

(i) For any point x £ X, it holds \Iom.(V x , V x ) ex C, and 

(ii) if x i 7 ^ X 2 , then Ext l (V Xll V X2 ) = 0 for any i. 

Moreover, under these conditions, ‘F-p is an equivalence of triangulated categories 
if and only if dim A = dim Y and V ® pr*u?A' — V < 8 > pr ■ 

In particular, if dim A = dimY, u>x — Ox arid uiy — Oy, then <Fp is fully 
faithful if and only if it is an equivalence. 

Proof. See [SI Thm. 1.1], [2] Thm. 1.1], [22 Cor. 7.5 and Prop. 7.6]. □ 

We also need the following results of the derived categories of del Pezzo surfaces: 

Theorem 2.0.4. Any exceptional collection in the derived category of a del Pezzo 
surface is contained in a full exceptional collection, and any full exceptional collec¬ 
tion has the same length. Moreover, any exceptional object is a locally free sheaf. 

Proof. See [2], [32 Thm. 6.11, §7]. □ 

3. Orthogonal linear sections of symmetric determinantal loci 

3.1. Symmetric determinantal loci. We quickly review some basic definitions 
and properties of symmetric determinantal loci from [24] , 
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Definition 3.1.1. We define S r C P(S 2 V*) to be the locus of quadrics in P(V) of 
rank at most r. Taking a basis of V, S r is defined by (r + 1) x (r + 1) minors of the 
generic (n + 1) x (n + 1) symmetric matrix. We call S r the symmetric determinantal 
locus of rank at most r. We call a point of S r \ S r -i a rank r point. 

Similarly we define the symmetric determinantal locus S* in the dual projective 
space P(S 2 V). 

We have introduced the Springer type resolution pg : S r —> S r , which is a pro¬ 
jective bundle over G(n + 1 — r, V). Using this, we have derived several properties 
of S r , for which we refer to [241 §2.1]. 

In case r is even, we have defined the double cover T r of S r by the following 
construction. 

Let 

(3.1) o _► W | -+ v* ® o G(n _ 5+1 , v) -> u;_ i+1 -i o 

be the dual of the universal exact sequence on G (n — | + 1,V), where Wr is 
the universal quotient bundle of rank ^ and il n _r+i is the universal subbundle 
of rank n — § + 1. For brevity, we often omit the subscripts writing them by U 
and W. Taking the second symmetric product, we obtain the following surjection: 
S 2 V* (g> Oc(ii-j-iy) —l► S 2 11*. Let £* be the kernel of this surjection, and consider 
the following exact sequence: 

(3.2) 0 -+ £* -+ S 2 V* <g> 0 G(n _r +iy) S 2 U* -+ 0. 

Now we set 

U r :=¥(£*), 

and denote by p Vr the projection U r —>• G(n— § + l, V). By (13.21) . U r is contained in 
G(n— | + 1, V) x P(S 2 V*). Considering P(S 2 V*) as the parameter space of quadrics 
in P(V), we see that the fiber of £* over [II] £ G(n— | + 1, V) parameterizes quadrics 
in P(V) containing the (n — |)-plane P(II). Therefore 

U r = {([II], [Q]) I P(n) C Q} C G(n - r - + 1, V) x P(S 2 V*). 

Note that Q in ([II], [Q]) £ U r is a quadric of rank at most r since quadrics con¬ 
tain (n — ())-planes only when their ranks are at most r. Hence the symmetric 
determinantal locus S r is the image of the natural projection U r —» P(S 2 V*). 

Definition 3.1.2. We let 


be the Stein factorization of U r —t S r . We have seen that T r —> S r is a double 
cover branched along S r ~i- We call T r the double symmetric determinantal loci of 
rank at most r. 

In this paper, we only consider and T 4 with n = 3. For them, we introduce 
the following set of notation: 

• X := S(j, X := §*, /: X -+ X, g: X -> G( 2 , V),T := U 2 . We note that 
X ~ P(S 2 T) (PU § 2 . 1 , §3.2]), and S{ = U 2 (P(V)), where i; 2 (P(V)) is the second 
Veronese variety. 

• W := §4, W := T 4 , 3T := U 4 , X S 4 = P(S 2 V*) . We maintain 

the notation Si, S 2 , S 3 C P(S 2 V*). 

We denote by L r a linear subspace of S 2 V* of dimension r + 1, and by L^r the 
orthogonal space to L r with respect to the dual pairing of S 2 V and S 2 W. Then 
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we consider the following mutually orthogonal subspaces: 

P r := P(L r ) C P(S 2 R*), 

and 

Pf := P(Ljr) C P(S 2 y). 

3.2. Enriques surface X and Artin-Mumford quartic double solid Y. Let 

us take a 3-plane P 3 C P(S 2 L*) and set 

X := n p 3 -\ 

Y := the pull-back in Sff of P 3 ~ P 3 . 

We say that X and Y are orthogonal to each other. 

We put the following generality assumptions: 

X is a smooth surface, 

5 2 (~l P 3 consists of 10 points in S 2 \ Si, 

Sing (S 3 n P 3 ) = S 3 n P 3 , and 

5 3 l~l P 3 does not contain a line. 

Here we note that S 2 is a determinantal variety of degree 10 since S 2 = S 2 P(H*) = 
P(E*) x P(V’*)/Z 2 . We also remark that the last condition of (13.311 will be needed 
to show the flatness of the kernel of $1 (Propositions IA.-L21 and lA.4.4[) . 

X is an Enriques surface of degree 10. Since X is smooth, X is disjoint from 
Sing 3P, and hence we can consider X to be contained in ST. As a subvariety of 
SZ or SZ , X parameterizes the sets of two distinct points (xi,X 2 ) of P(E) such 
that xi and X 2 are mutually orthogonal with respect to all the quadratic forms 
corresponding to the quadrics in P 3 . Moreover, X is mapped by g: 3Z —> G(2,V) 
onto its image isomorphically (we prove this in the proof of Proposition 14.1.11 (1)), 
and hence we can also consider A' to be contained in G(2, V). By the existence of 
this embedding into G(2, V), X is called the Enriques surface of a Reye congruence , 
or simply a Reye congruence m- In the proof of Proposition 14.1. ll (1) below, we 
will describe the lines in P(V) which are parameterized by X. 

Now we turn to Y. Let us define 

H:= S 3 nP 3 . 

Proposition 3.2.1. (1) The singularities of H are 10 ordinary double points at 

s 2 n p 3 . 

(2) y £Y corresponds to a pair (Q y , q y ) of quadric Q y in P 3 and a connected family 
q y of lines in Q y where q<y(y) = [Q y ] £ P(S 2 R*). 

(3) Y is a del Pezzo threefold with only 10 ordinary double points at 

{ yi , -,yw} ■= s 2 n Y. 

Proof. ( 1 ) follows since P 3 intersects transversely with S 2 at 10 points in S 2 \ Si. 
(2) follows from the definition of Y and the Stein factorization St —> 3/ —> P(S 2 R*). 
We have (3) since Y is a double cover of P 3 branched along H. □ 

Y is called an Artin-Mumford (AM) quartic double solid, which is discovered in 
[2 as an example of irrational unirational 3-fold. 

Let 

Z:=tt^(Y) c St. 

Then, by |23J Prop. 3.7], the 2nd and 3rd assumptions of (13.31) . Z is a smooth 
fourfold, and Z —> Y is a P 1 -fibration outside 10 points y\,... ,yw an d the fibers 
over these points are the unions of two planes 

p, ( 1) Ui* Pf } . 
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As we see in the introduction, the blow-up 

Y -+Y 

at 10 ordinary double points yi ,..., yio plays a central role for Theorem 1 1.2. II 

In the next subsection, we introduce another pair of orthogonal linear sections 
W and S of SP and & respectively, which play important roles in the proof of 
Theorem 11.2.11 

3.3. Enriques-Fano threefold W and del Pezzo surface S of degree two. 

Let us take a 2-plane P 2 C P(S 2 F*) and set 

W := JTn Pf, 

S := the pull-back in & of P 2 ~ P 2 . 

We say that W and S are orthogonal to each other. 

We put the following generality assumptions: 

{ Sing 3C fl Pf~ consists of 8 points w \,..., wg , 

Sing W = Sing % n Pf~, and 
r := S 3 fl P 2 is a smooth plane quartic curve. 

Here we note that degSing = degV 2 (P(V)) = 8 ([231 §2-1]). 

If Sing 3P fl Pjf consists of 8 points, then 

W has only -( 1 , 1,1 (-singularities at w \,..., Ws 

since P 2 _L cuts Sing SP transversely and 3P has only i(l, 1, l)-singularities along 
Sing^T ([231 §2-1]). W is an example of Enriques-Fano threefolds, which is a Q- 
Fano threefold containing an Enriques surface as a hyperplane section, and was 
initially studied by Fano DU- See [1111121 3j H5] for modern treatments of this class 
of 3-folds. We define 

W := the pull-back in St of W. 

IF is a smooth threefold and the birational morphism W —> W is the blow-up at 

Wi ,... ,ws- By [231 (2-4)], we derive 

8 

(3.5) 2{H-L) = Y J E i 

i=l 

on W since the restriction of the /-exceptional divisor is Ei- S is the double 

cover of P 2 branched along the smooth quartic curve T and then is a smooth del 
Pezzo surface of degree two. 

Let 

Z s := 7 T^(S) C S’, 

which is a smooth threefold with a P 1 -bundle structure over S by the choice of P 2 
as in (13.41) . The fiber over a point s £ S parameterizes lines contained in the rank 
three or four quadric corresponding to the image of s on P 2 . 

4. Derived categories of Enriques-Fano threefolds and degree two del 

Pezzo surfaces 

Let W and S be as in the subsection 13.31 In this section, we establish a rela¬ 
tionship between the derived categories of W and S as indicated by the plausible 
homological projective duality of SP and *3f ('Theorem 14. 2. 2D . 
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4.1. Linear duality between 3F and ,2?'. We rewrite the exact sequence (13.21) 
by new notation: 

(4.1) 0 -> £* ->■ S 2 F* ® 0 G (2,y) -> S 2 T* -> 0. 

This means that the fibers of S 2 T and £ over a point of G(2, V) are the orthog¬ 
onal spaces to each other when we consider them as subspaces in S 2 K and S 2 K* 
respectively. In this sense, the pair S 2 fF and £ is an example of orthogonal bundles. 

In [Ml § 8 ], Kuznetsov establishes the homological projective duality between a 
projective bundle P(V) over a smooth base S and its orthogonal bundle P(V _L ) for a 
globally generated vector bundle V on S. He call this duality linear duality in m- 
This situation is ubiquitous and is quite useful to understand several relationships 
of derived categories. We do not review his result but we show in the following 
proposition that this framework is suitable for describing the relationships between 
X = P(S 2 T) D / _ 1 (P > 3 L ) and Z = P(£) D (p& o 7 r^-) _ 1 (P 3 ) (as in the subsection 
13.21) . and between W = P(S 2 T) n/ _ 1 (P 2 ± ) and Zs = V(£)r\(p^-oTr^-)~ 1 {P 2 ) (as in 
the subsection 13.31) . respectively. In particular, in the assertion (1) of the following 
proposition, we derive the classical diagram m from the framework presented in 
the section [3] The equivalence V b (W) ~ V b (Zs) given in the assertion (2) plays 
important roles in our proofs of l4.2.2l in the next subsection. 

Proposition 4.1.1. (1) X is mapped isomorphically onto its image by g: SF — >■ 
G(2,V). We denote by X its image in G{2,V). Z — > G(2,V) is the blow¬ 
up along X C G(2, V) and the fiber of Z —>• G(2, V) over a point [/] G X 
represents exactly the pencil C P 3 of quadrics containing l. Moreover, X may 
be characterized as a subvariety of G(2, P); 

X = {[/] £ G(2, V) | quadrics G P 3 containing l form a pencil}. 

(2) There exists the following diagram: 



W S , 

where W --■» Z$ is an Atiyah’s flop, namely, a flop whose exceptional curves 
are mutually disjoint, and have normal bundles Opi(— l)® 2 . The flop induces 
an equivalence of the derived categories T> b (W ) ~ D b (Zs). 

Proof. The second claim of (2) follows immediately from [ibid, Cor. 8.3] or [S], 
Therefore we have only to show (1) and the first claim of (2). 

Let s G G(2, V) be any point, and F s and E s the fibers of S 2 T and £ at s, 
respectively. By the exact sequence (ED defining £, we see that F s C S 2 V and 
E s C S 2 K* are mutually orthogonal. Thus we will write F s = Ejr. We recall that 
L r+ 1 is the (r + l)-dimensional subspace of S 2 K* such that P(L r +i) = P r . Note 
that s G G(2, V) is contained in the image of (p^- o 7 r^) _ 1 (P r .) under the morphism 
—>■ G(2, V) if and only if dim(P s D L r+ 1 ) > 1, and a similar assertion holds for 

St. 

We show the following key equality: 

(4.2) dim(P^ D L^r +1 ) = 2 — r + dim(P s D L r+ \). 

Indeed, we have dim(P^-nL^- +1 ) = dimS 2 K—dim(P s +L r+ i) = dimS 2 K — dimP s — 
dim L r+ 1 + dim(P s D L r +i) = 2 — r + dim(P s D L r+ 1 ). 

For (1), we set r = 3. Since dim(P^- D L^) > 0 for any s G G(2, V), we have 
dim(P s D Lf) > 1 by (14.21) . This implies that Z —> G(2, V) is surjective. Therefore 
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Z —> G(2, V) is generically finite since dim Z = dimG(2, V), and moreover, this is 
birational since the fiber of Z —> G(2,V) over s is linear in P(.E S ), and hence is 
one point if it is O-dimensional. Note that Z —>• G(2, V) has a positive dimensional 
fiber over s if and only if dim(i? s n L 4 ) > 2. By (14.21) . this is equivalent to that 
diin(£/- DL|) > 1, namely, s is contained in the image of X = 3Z n/ _ 1 (L^) under 
the morphism 3Z —> G(2, V). We show that dim(£'^ L (~l Lf) > 2 is impossible. 
Indeed, if dim(£’^ L D Ljr) > 2, then (E^~ fl Lj~) would intersect the /-exceptional 
divisor, and X C SZ would be singular, a contradiction to the assumption in (13.811 . 
Therefore X C 3Z isomorphically mapped by g onto its image (which we also denote 
by X) and any positive dimensional fiber of Z —> G(2, V) is 1-dimensional and then 
is a line. Then we conclude Z —»• G(2, V) is the blow-up along X by [Tj Theorem 
2.3]. We have also proved other assertions of ( 1 ). 

For (2), we set r = 2. By (14.21) . dim(£'g L D L 3 -) = diin(.E s D L 3 ). Therefore 
the images on G(2, V ) of W and Zs are equal, which we denote by W, and the 
dimensions of the fibers of W —> W and Zs —> W over a point s are the same. We 
show the assertion by several steps. 

The arguments in the following steps are more or less standard in explicit bira¬ 
tional geometry. Here we give an outline. In Steps 1-3, we will show that W —> W 
and Zs —> W are flopping contractions. In the remaining steps (Steps 4-6), we will 
show Zs —> W is actually an Atiyah’s flopping contraction. Then so is W —>• W 
by symmetry of a flop. Let E[ C Zs be the strict transform of Ei (1 < i < 8 ). 
To show that Zs —» W is an Atiyah’s flopping contraction, a key point is showing 
that the map Zs —>• S induces an isomorphism E\ ~ S. For this, it suffices to show 
that the induced morphism E[ ~ S is birational (Step 4) and finite (Step 5) by the 
Zariski main theorem. 

Step 1 . W —> W and Zs —» W are birational and crepant. 

Note that —Kyy = L and ~Kz s = L since —Kg = 3H + L and —K^ = 6 M + L 
by the canonical bundle formula of projective bundle (we follow Convention 1 1.5. H) . 
By standard computation, we see that (—Kyy) 3 > 0 and (— Kz s ) 3 > 0. Therefore 
both W —> W and Zs —> W are generically finite and crepant, and by a similar 
argument to the one showing that Z —> G(2, V) is birational, we see that they are 
birational. 

Step 2 . Any non-trivial fibers of W —> W and Zs —» W are copies of P 1 . 

Indeed, if otherwise, P 2 would appear as a non-trivial fiber of W —> W. We may 
disprove this situation similarly to the argument in the proof of ( 1 ) above. 

Step 3. W —> W and Zs —» W are nontrivial morphisms. 

We have only to exhibit positive dimensional fibers of W —>• W. Note that the 
image on W of each /| ^-exceptional divisor Ei represents a double points 2 Wi with 
some Wi £ P(V). Therefore the image Ei C W of Ei is equal to {[/] G G(2,V) | 
Wi £ l}. For each distinct i and j, Ei and Ej intersects at one point [hj], where Uj 
is the line joining Wi and Wj. On the other hand, Ei and Ej are disjoint. Therefore 
W —> W has a positive dimensional fiber over [Uj]. 

Step 4. E'i S is birational. 

Indeed, for the fiber q of Zs —> S over a general rank four point s, E\ D q 
represents lines on the rank four quadric belonging to one connected family and 
passing through x',. There is only one such a line, thus E[ D q consists of one point, 
which means E[ —> S is birational. 
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Step 5. E'- — > S is finite. 

Indeed, if otherwise, then E[ contains one fiber q of Zg —> S over a point s £ S. 
Since q parameterizes lines on the quadric Q corresponding to s and passing through 
Wi, Q must be of rank three, and Wi is the vertex of Q. By the orthogonality between 
W and P 2 , Q corresponds to a hyperplane section Hq C P(S 2 P) containing W. 
Since Wi is the vertex of Q, Hq is tangent to U2(P(V)) at w i by the projective 
duality between and U 2 (P(P)). However, by choosing two hyperplane H\ and 
H 2 such that W = 2E fl Hq PI H\ n H 2 , we see that U 2 (P(P)) fl Hq n Hi fl H 2 is 
singular at w;, a contradiction to the assumption (13.41) . 

Step 6 . Zg —>• W is an Atiyah’s flopping contraction. 

Since any flopping curve intersects some Ei and is contained in no Ei s, any 
flopped curve is contained in some E\. By Step 3, we see that E[ contains at least 
seven flopped curves corresponding to seven flopping curves over [/,; 7 ] ! s with j ^ i. 
Since E[ is a smooth del Pezzo surface of degree two by Steps 4 and 5, we see 
that exceptional curves of W —> W are only 28 flopping curves over and the 

flopped curve over [lij] is a (—l)-curve on E[. Then we see that its normal bundle 
on Zg is Opi(-l)® 2 . □ 

Remark. 

(i) By Proposition 14.l.ll (1), we immediately see that p{Z) = 2. Thus Z —> T 
is a Mori fiber space, and then Y is Q-factorial by [31] Lem. 5-1-5] (see also 
na for another proof of this fact. We are grateful to Professor I. Cheltsov 
for this information). 

(ii) The image on S of the 28 flopped curves are mapped by the double cover 
S —> P 2 to the famous 28 bitangent lines of the quartic curve S 3 D P 2 - 

4.2. Derived categories of W and S. We have obtained the equivalence V b {W) ~ 
D b (Zg) in Proposition |TTj] (2). We will establish the relation between V b (W) and 
V b (S) through this equivalence by relating T> b {W) and V b (W), and V b (Zg) and 
V b (S), respectively. 

The relation between V b (W) and V b (W) is given by a categorical resolution of 
V b (W). Denote by ji: Ei ^ W the closed embeddings. We define a categorical 
resolution T>w of V b (W) similarly to the case of Y as in Theorem 1 1 . 2 . II We choose 
a dual Lefschetz decomposition of T> b (Ei)-, 

V b (E i ) = (B 1 {-2) 1 B a ), 

where 

B 0 = (O Ei ,O Ei (l)),B 1 = (O Ei ). 

The categorical resolution 

V w C V b (W) 

of V b (W) with respect to this dual Lefschetz decomposition is defined to be the left 
orthogonal to the subcategory ({ji*0Ei(—2)}f =1 ). Therefore we have the following 
semi-orthogonal decomposition of V b (W): 

(4-3) V b (W) = ({ji*0 Ei (-2)}Ui,Vw). 

To establish the relation between V b {Zg) and V b (S), we review the results of 
the derived categories of quadric fibrations m ■ Let C £0 and Ci\ be the sheaves of 
the even and the odd part of the Clifford algebra on P 2: respectively, associated 
with the family of quadrics over P 2 . By [ibid.], V b (P 2 ,C£o) admits the following 
semi-orthogonal decomposition: 

V b (P 2l Ct 0 ) = (D b K),...,D b (u> 8 ),« 3 ,C4), 
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where Cd 8 := Cd\ <8> 0p 2 (l) and Cd 4 := Cd o ® 0p 2 (2). 

The relation between T> b (Zs ) and V b (S) is given by the following proposition, 
which can be shown by applying the same arguments as the proofs of pTTl Thm. 1.1] 
and (30] Thm. 5.5 and Cor. 5.8] to Zg —> S. The arguments are simplified since 
Zs —> S is a P 1 -bundle. So we omit the proof of it. 

Proposition 4.2.1. The pull-back functor T> b (S) —> V b (Zg) is fully faithful. We 
denote by (Cs, Oz s (M)) the image ofD b (S) by the pull-back functor. There exist a 
fully faithful functorT> b (Pz, C(hf) —> T> b (Zg ) such that the image S 3 ofCd 3 is isomor¬ 
phic to S (M), and the image 1 S 4 of Cd 4 is a non-trivial extension of Oz s (L + M) by 
Oz s ( 2 M). Moreover, T> b (Zg) admits the following semi-orthogonal decomposition: 

(4.4) V b (Z s ) = (C s , Oz s (M), V b ( Wl ),..., V b (w 8 ), S 3 , S 4 ), 

where we denote the image ofT> b (wi) by the same symbol. 


We will compare the decompositions (14.31) and (14.41) by the flop equivalence 
V b (W) ~ V b (Zs) and series of mutations. Then we obtain 


Theorem 4.2.2. We define the triangulated subcategories Cs and Cw ofT> b (S ) and 
T>w, respectively by the following semi-orthogonal decompositions: 


V b (S) = (C s ,O s (M)), 

Vw = (O w (-H),O w (-L),?,C w ), 


where we follow Convention 11.5.11 and we denote by T the pull-back of 3 by the 
morphism g\w- Then there exists an equivalence Cw — Cs- 

Proof of Theorem 14.2.21 Recall that — Kz s = L (see Step 1 of the proof of 
Proposition 14.l.ll (2)). Then, by mutating 


V b ( Wl ),...,V b (w 8 ),S 3 ,S 4 


in (14.41) to the left end, we obtain 

(4.6) V b (Zs) = (V b (w 1 ),...,V b (w 8 ),S 3 (-L),S 4 (-L),Cs,0 Zs (M)), 

where we denote the image of T> b (wi) by the same symbol again. 

Now we will construct another semi-orthogonal decomposition (14.111) of V b (Zs). 
mu and dm immediately give the following semi-orthogonal decomposition of 
V b (W ): 

V b (W) = ({C , p i (—2)}r<j<8, Oyy(—L), T, C w ). 

By the flop equivalence T> b (W) ~ V b (Zs), we transform this decomposition to 
V b (Zs) as follows: 


Lemma 4.2.3. 

(4.7) V b (Z s ) = (6,0 Zs (-H),0z s (-L),T,C Zs ), 

where we denote by <5 and Cz s the images of the categories {OE t (—2)}i<i<s and 
Cw, respectively, and by H the strict transform of H on Zg. 

Proof. We have only to verify the images of the sheaves 0^(—H), 0^(—L), T 
are the sheaves Oz s (—Pd),Oz s (—L),3 r , respectively. The assertion is clear for 
0]y(—L),7 since they are the pull-backs of the corresponding sheaves on W C 
G(2,R). Let p: W' —> W be the blow-up along the flopping curves and q: W' —> 
Zg be the blow-up along the flopped curves. Let Zj C W (1 < i < 28) be the 
flopping curves and Gi the p-exceptional divisors over Z^. Then we have p*H = 
q*H — Y^i =1 Gi since H ■ U = 1. Therefore we have 

28 

R'q*p*O w (-H) = Oz s (-H)®R'q*O w ,(J2Gi). 

i— 1 
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This implies the assertion for since q*0^,(Y2i=i Gi) — Oz s and 

28 

R*q*Oy^, Gi) = 0 for • > 0 

i= 1 

by a standard fact on the blow-up. □ 

We will perform a series of mutations starting from (Id.71) (cf. [30] §5-3]). 
Lemma 4.2.4. It holds that M = —H + 3 L on W and Zg. 

Proof. It suffices to show the assertion on Zg since W and Zg are isomorphic in 
codimension one. Transforming (13.51) on Zs , we obtain 

8 

(4.8) 2 (H-L) = Y, E 'i, 

i= 1 

where E[ is the strict transform of Ej. Let q be a general fiber of Zg —> S. Then 
L ■ q = — Kz s ■ q = 2 since Zg —> S is a P 1 -bundle, and E[ ■ q = 1 for any i since 
E[ is a section of Zg —> S (Steps 4 and 5 in the proof of Proposition 14.1.11 (2)). 
Thus, by (14.811 . we have H ■ q = 6 , and then —H + 3 L is the pull-back of a divisor 
D on S. Since E[ ~ S, we have (-H + 3L)|^ = D. Note that the flop induces 
the blow-up E\ —> Ei ~ P 2 at seven points. We denote by l \,..., l-j the exceptional 
curves, which are also flopped curves on Zg. We also denote by l the pull-back of a 
line on P 2 . Then H ■ U = — 1 and L ■ U = 0. We also note that, on W, H\E t = Op 2 
and L\e ( = Op 2 (l). Therefore, on Zg, we have H\g i = X]J=i ^ and L\E t = l- 
Consequently, we have D = 31 — Y^I=i h = ~ E S = M. □ 

For simplicity of notation, we denote the images of S and Cz s by the same 
symbols in the sequel. We consider the following sequence of mutations: 

• We mutate T to the left of Oz s {—L). Then we have 

V\Z S ) = (S,Oz s (-H),S 3 (H-5L),Oz s (-L),C Z s ), 
where we note S*(—L) = S 3 (H — 5 L) by Proposition 14.2.11 and Lemma 

• We mutate the block S to the right of Oz s {—H). Then we have 

V\Z S ) = (0 Zs (-H),6,S 3 (H~5L),0zA-L),Cz s ). 

• We mutate Oz s (~H) to the right end. Then, by —Kz s = L , we have 

V b (Z s ) = (S,S 3 (H-5L),0 Zs (-L),C Zs ,0 Zs (-H + L)). 

• We mutate Cz s to the right of Oz s {—H + L). Then we have 

V b (Z s ) = (S,S 3 (H -5L),0 Zs (-L), 0 Zs (-H + L),C Zs ). 

• We mutate Oz s (—H + L) to the left of Oz s (—L). We will show 

(4.9) L o Zs (-l)Oz s (-H + L) = S 4 (H - 5 L). 

Since S 3 (H — 5 L) is a nontrivial extension of Oz s (—L ) by Oz s (—H + L) 
E Cor. 3.3], it suffices to show 
8 

(4.10) H*(Z S , 0 Zs (H - E i)) = 0 for • ^ 1 and ~ C for • = 1 

i— 1 

since — H -\- 2L — H — E 1 ' by 63- Consider the exact sequence; 

8 

0 —> Oz s E'i) Oz s (H) —¥ Oe[ 0 . 

2=1 
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By a similar argument to the proof of Lemma l4.2.3l we have H'(Zs, Oz s (H)) 
H*[W, O^yiyH)), where the latter is zero for • > 0, and is 7-dimensional for 
• = 0. We also see that H°(Zs, Oz s (H — E'ff) = 0- Indeed, it suffices 
to show H°(W, Oyy(H — X^=i Ei)) = 0 since Z$ and W are isomorphic in 
codimension one. If H°(W, Oy^(H — 2?,)) ^ 0, then there exists a hy¬ 

perplane in P 2 — P 6 passing through w ±,..., wg, which is a contradiction 
since they are linearly independent. 

Therefore, since Oe'.) — C and Oe'.) = 0 for • > 0, we 

obtain (14.101) . Thus we have shown (14.91) and we obtain 

V b {Z s ) = { 6 ,S 3 (H - 5 L),S 4 (H - 5L),0 Zs (-L),Czs)- 

• We mutate Cz s to the left of Oz s {—L). Then we have 

V b (Z s )= ( 6 ,S 3 (H -5L),S 4 (H ~5L),Cz s ,Oz s (-L)). 

• Finally, we twist —H + 4L. Then, by Lemma T4.2. 41 we obtain 

(4.11) V b (Z s ) = (8,S 3 (-L),S a (-L),C Zs ,0 Zs (M)). 

Now, by comparing (USD and (14.111) . we obtain an equivalence Cw — Cz s — Cs 
as desired. We have finished our proof of Theorem 14.2.21 □ 

5. Birational geometry of fV and iF 

5.1. Birational geometry of . We quickly review the birational geometry of 
obtained in [241 §4] with slightly different notation. 

Let fV := G(3,A 2 F) and ZZ p , 3Z G C the smooth subvarieties parameterizing 
p-planes and u-planes respectively in G(2,V) C P(A 2 F) (see (HI §4.1] for the 
definitions of p-planes and er-planes). In [241 §4.1, §4.5], we have shown that 3Z p ~ 
P(V) and SZ G ~ P(V*). We denote by £% the Hilbert scheme of conics in G(2, V). 

Theorem 5.1.1. There is a commutative diagram of birational maps as follow: 

% 



where 

• P& ’• IP —> is the blow-up along SZ p , for which we denote by F p the 

exceptional divisor, 

• Pgf: fV —> is an extremal divisorial contraction, which is described in 

detail in El §4.6], 

• is the blow-up along the strict transform of SZ G . 

In the subsequent part of this section, we will construct generically conic bundles 
3? —»• and 3? —¥ fV, which are birational to 33 —> fV. These bundles lead us to 
construct the kernel of the sheaf V (mentioned in the subsection 11.31) with locally 
free resolutions in the next section [ 6 ] and Appendix [A] 
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5.2. Generically conic bundle tt sgr: iF —> W. We construct a family iF of r- 
conics, and p- and cr-planes over (for the definitions of t-, /?-, tr-conics, we refer 
to [21 §4.1]). 

Let S be the universal subbundle of rank three on Of. We consider 
P(S) = {([P],t) | t G P} C & x P(A 2 F). 

The natural map 7Tp(s): P(5) —> 3/ is nothing but the universal family of planes in 
P(A 2 14); 

(5.1) P(S) 



P(A 2 V) <3f. 

We restrict the diagram (15.11) to G(2, V) C P(A 2 14) and set 
& := P(S) n (yx G(2, V")) C fx G(2, V), 

Then we obtain 

(5.2) ir 



G(2,V) 

which is clearly a family of r-conics, and p- and cr-planes over 3/. 

Let Q be the universal quotient bundle of rank three on 3f. We note that 

H°(& x G(2, V), Q H Og(2,v)(1 )) - A 2 V <g> A 2 V* ~ Hom(A 2 V, A 2 14). 

Therefore x G(2,14), QKI Og(2,v)(1 )) has a unique nonzero SL (V)-invariant 

section up to constant corresponding to the identity of Hom(A 2 14 A 2 14). Since 

& = {([P], [l]) I [l\ e P} C (Tx G(2, V), 

where l is a line in P(V) and P is a plane in P(A 2 14), it is standard to see the 
following proposition, for which we omit a proof: 

Proposition 5.2.1. iF is the complete intersection in 31 x G(2, V) with respect to 
the unique nonzero SL (V)-invariant section of H°(3I x G(2,14), Q IE 0g(2,v)(1)) 
up to constant. 

We set 

^ == vrTi(^ P ) ^ P(S|^J, iF. := tt^(^) ^ P(5|^). 

Then the subfamilies —X and iF) —X && are the universal family of p- and 
cr-planes respectively. 

We also prepare some properties of iF for later use. 

Proposition 5.2.2. The fiber of p^r: iF —X G(2,14) over a point [14 2 ] £ G(2,14) 
parameterizes planes in P(A 2 14) containing [A 2 14j]. In particular, p^ris a G(2, 5)- 
bundle and iF is smooth. 

This assertion is almost clear, so we omit a proof. 
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Restricting the diagram (15.21) over FPp, we have 


where we set 





G(2,V) 

Ps? p ~ P^&pi ’k&p : = 


Proposition 5.2.3. p^ : TF p —>■ G(2, V) is af* 1 -bundle. As a subbundle of p^r: —>■ 

G(2, V), a fiber of p^ p is a conic in G(2, 5). 

Proof. Let [A 2 !^] be a point of G(2, V). Then a p-plane Py, contains [A 2 V 2 ] if and 
only if V\ C V2. Therefore p^dA 2 ^]) is isomorphic to the line P(V2) C P(V) ~ 
& p , and this is a conic in G(2, A 2 V/ A 2 V2) since SA p = U 2 (P(V)). □ 


5.3. Generically conic bundle TT^r: S' —► <3/. We may also construct a generi- 
cally conic bundle —> 2 A from 3? —> 3/. 

We recall the diagrams (15.11) and (15.21) . In the P 5 -bundle P(A 2 R) x W over , 
we consider a P 2 -bundle 

p(p^)=p(5)x # ^^: 

P (p*yS) -A P(«S) is the blow-up along the pull-back of SA p in P(<S) and the excep¬ 
tional divisor of P(pTS) -A- P(5) is 3f p x-p p F p = P(p^S\f p ) since p^: —> W is 
the blow-up along SA p . 

Let 3f be the strict transform of Jf, which is nothing but the blow-up of JT 
along 3f p . Then 3? is smooth by Propositions 15.2.21 and ISTiPl 

3f can be obtained from 3?2 in [2BJ §4.3] by restricting 3^2 over a point of P(V). 
By |ibid., Prop. 4.3.3 and 4.3.4], we deduce the following, where we denote the 
transform of on also by since <3S and <3S are isomorphic near 

Proposition 5.3.1. The induced morphism tt ST — ^ 2/ is a conic bundle over 
2 A \ SA a and the fiber over a point j/ e f \ can be identified with the conic 
corresponding to y. 

In the subsections 16.31 and IA.1I we also need 

^x # fcP (p*#S), 

which is the total transform of 3? by the blow-up P(p*~<S) —> P(«S) since it contains 
3T P x-Pp Fp- ^ is reduced since 3? is smooth by Proposition 15.2.21 

Here we summerize the constructions of generically conics bundles in the follow¬ 
ing diagram: 

P ( 5 )^-P (p*~S) 



<2/ ^ - <3f. 
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6 . Plausible kernel V inducing homological projective duality 

6 . 1 . Locally free sheaves Sl, Q, and T on 3/ . We recall that S and Q are 
universal sub- and quotient bundles on ^ = G(3,A 2 F), respectively. We write 
down the universal exact sequence on 'Y as follows: 

(6.1) 0 5 -)• /\ 2 V ® Og? Q -> 0. 

Taking the SL (F)-action into account, we define 

S L :=S® A 4 P*, S* l := 5* ® A 4 F 
(note that A 4 P corresponds to L in j25j). 

In [25, §4], we have introduced three important sheaves Sl , Q, and T on W, 
which will appear in the locally free resolutions in Theorems 16.3.21 and IA.1.11 We 
set 

Sr. := f^S L , Q := p*^Q- 

We define T as the dual of the following locally free sheaf Q fitting into the exact 
sequence; 

(6.2) 0 -»■ h -> F* ® -A L Fpat (p&\F p )*0 P{v) (l) -A 0, 

where lf p ■ F p ^ 3/ is the natural closed embedding, and the map V* <8> O^ -A 
t F Pt {Pgr\ F P )*0'p(v){l) is induced from the natural map V* < 8 > Op(v) -A CV(y)(l)- 
We note that T is denoted by £3 in m- 

6.2. Family of hyperplane sections Y. Let Y C 3/ x St be the pull-back of 
the universal family of hyperplane sections in P(S 2 F*) x SY. We can consider Y to 
be both the family over 3/ of the pull-backs of hyperplane sections of 3£, and the 
family over 3Y of the pull-backs of hyperplanes in P(S 2 F*). We denote by t-y the 
natural closed embedding Y ^ 3^ x 3Y. 

6.3. Definition of Y. We set 

(6.3) (A')‘ := F* x G( 2 , v) £. 

Since ^ C 3f x G(2, V) and [3f x G(2, V)) Xq( 2 ,v) & — & x F, we may consider 
(A')* to be contained in 3f x 3Y. As such, it holds that 

(6.4) (A') t = {(y,x)\[l x \€P y }c§ r x£, 

where [/ x ] = g(x) € G(2,F) and P y is the plane of P(A 2 F) corresponding to 
P&{y) € 3^. Namely, (A')* is the pull-back of 3? by 3f x SY —> G(3, A 2 F) x G(2, V). 
Then, by Proposition lfiA.ll (A ') 4 is the complete intersection in 3/ x BY with respect 
to the unique nonzero SL (F)-invariant section of H°(3^ x SY, Q IE O^-(L)) up to 
constant. 

Definition 6.3.1 (A', J and V). (1) We define 

A' := (A ') 4 n Y, 

and J C Oy to be its ideal sheaf. In other words, J is the image of the 
composite of the map Q*MO g{—L) -A O&xY corresponding to the subscheme 
(A ') 4 and the natural map x ,£ —> ty^Oy. 

(2) The definition of J induces a surjection 

Q* E (Pjf \y —t Sf (L). 

The kernel of this map, namely, the second sygyzy of J(L) is a coherent sheaf 
of rank 2 on Y, and, by ESI Proposition 1.1], is reflexive. Now we define V 
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to be the dual of this kernel. V is also a reflexive sheaf of rank 2 on Y. The 
definition gives the following exact sequence: 

(6.5) 

It turns out that the coherent sheaf Ly*V admits a nice locally free resolution. 
Theorem 6.3.2. The coherent sheaf Ly*V admits the following locally free resolution: 

(6.6) 0 —> (Day [x] f llg-jQ(2y){—L) —> T [3 S*(-H) —>■ 

H) -y iy^V ^ 0, 

where v ^ is the relative cotangent bundle for the morphism ST —> G(2, V). 

We will show this theorem in the appendix [A] We remark that (dual) Lefschetz 
collections in V b {Y) and V b (ST) can be read off from the locally free resolution 
m • We have shown this fact in [25 , Cor. 3.3 and 5.11]. Thus we expect V 
will induce the homological projective duality between (suitable noncommutative 
resolutions of) Y and ST with respect to these (dual) Lefschetz collections. 

In our proof of Theorem 11.2.11 we need the restrictions of V and their locally 
free resolutions (16.61) over fibers of Y —> ST and Y —>• Y. Here we only state the 
results postponing their derivations to the appendix lAl (Proposition I A. 4.31) . 

For x £ St and y G Y, we denote by Y x and Y y the fibers of Y —> ST over x 
and Y —> Y over y, respectively. Let 

ix : Y x c —>• ST, L y : Y y Y 

be the natural inclusions. We set 

Y x :=T\y x , V y :=V\y y . 

Proposition 6.3.3. The locally free resolution (16.61) restricts to Y for any x £ ST. 
Namely, the following sequence is exact on Y : 

(6.7) 0 -> Of -»■ V ® 2 -> Q ® S* L -t t x ,V x -> 0. 

Similarly, for y £ Y \ £T G , the following sequence is exact on ST : 

(6.8) o 

Of®0#(L-H)® 3 ^L y *V y ^ 0. 

6.4. Components of A'. By the very definition of (A')*, it contains 

(6.9) A := Sf X(j( 2 ,v) Tt. 

We may consider A to be contained in Y x ST as we did for (A') 4 . Now we give 
descriptions of A, which will be needed in our proofs of Theorems 11.2.11 and 17.3.21 
(Lemmas 17.2.41 and 17.3.ID . It is convenient to understand the definition of A step 
by step as summerized in the following diagram: 
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( 6 . 10 ) 

2Tx3t 

blow-up 

G(2, 5)-bundle 


—x g( 2 ,v) & ^ 

blow-up 

— 3 A := x G(2,y) & 

G(2, 5)-bundle 


G(2, V) x 3t ^ -:> Ag : = G(2, V) x G ( 2 ,v) & ~ £ 


SI x St 


G(2, V) x G(2, V) --^A 0 := G( 2 ,P) x G(2 , v) G(2, V) 

We note that A is a G(2, 5)-bundle over A G since so is SF over G(2, V ) by Propo¬ 
sition [5T2T21 In particular, A is smooth. Then we see that A is the blow-up of A 
along 3? p x g( 2 ,v) & since St —> St is the blow-up along St p . Therefore 
(6.11) A is smooth 

since St p XG( 2 y) St is a P 1 -subbundle of A —> St over St by Proposition 15.2.31 In 
particular, we have shown 

Proposition 6.4.1. The fiber of A over a point x £ St is isomorphic to the 
blow-up of G(2, 5) along a conic. In particular, A —>• ST is flat. 

Considering A C f x f, we describe the natural morphisms A —> St and 
A —» SI in the following proposition: 

Proposition 6.4.2. (1) The fiber of A —»• St over a point x £ St parameterizes r- 
and p-conics containing [l x ] and a-planes containing [l x \, where [l x ] := g(x) £ 
G(2,P). In particular, Acf. 

(2) The fiber of A —> SI over a point y £'SI is the ¥ 2 -bundle g~ 1 (q y ) if y ^ 

where q y is the conic corresponding to y, and is the ¥ 2 -bundle g - 1 (P y ) if y £ 
where P y is the a-plane corresponding to y. In particular, A —>• SI is flat 
over SI \ . 

Proof. It is easy to derive the asserions from Proposition 15.3.11 We only note that 
A C V by the first asserion of (1) and [M] Prop. 4.20]. □ 

We note that the diagram (16.101) is useful to construct a locally free resolution 
of the ideal sheaf of A in SI x St (Theorem IA.1.11) . 

Now we will obtain the irreducible decomposition of A'. By Proposition 16.4.21 
(1), we have A C (A ') 4 fl V = A'. We will see that A is an irreducible component of 
A'. We define a subvariety D of F p x St, which is shown to be another irreducible 
component of A'. We denote a point of F p by [qy ,], where qy 1 is a p-conic contained 
in the p-plane Pvj for some [VI] £ P(P), and a point of St by [ 77 ], where y is the 
0-dimensional subscheme of P(P). We define the subvariety D of F p x St by 

D := {([gyj, M) | Supp y contains [Pi]}. 

By the definitions of D and (A') 4 , we immediately see that D C (A') 4 . By [Ml 
Prop. 4.20], we also see that D C F. Therefore we have 

D c (A ') 4 Of = A'. 

We give a description of D. Recall that Ef is the exceptional divisor of /: St —> ST. 
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Lemma 6.4.3. The fiber of the natural morphism D —» F p over a point [qy -J £ F p 
is the blow-up o/P(P) at [VI]. This fiber is also a P 1 -bundle over the p-plane Py 1 . 
Moreover, D is a P 5 -bundle over the double cover of 3F branched along Ef. In 
particular, D is irreducible and smooth, and D —^ F p and D —> 3F are flat. 

Proof. The first assertion is clear from the definition of D. 

We consider the natural projection from P to S’. Let [ 77 ] £ 3F. If Suppr; 
consists of two points X\,X2 £ P(P), then the fiber of D —> 3F over [ 77 ] is the union 
of the fibers of F p —>• P(P) over X\ and x 2 . If Suppry consists of one point x £ P(P), 
then the fiber of D —>• 3F over [ 77 ] is the fiber of F p —\ P(P) over x. In particular, 
D —^ HF is surjective. The Stein factorization of D —>• 3F factors through the 
double cover of 3F branched along Ef. □ 

Proposition 6.4.4. A' = AU D is the irreducible decomposition. 

Proof. The natural projection (A')* —> is a P 2 -bundle since so is 3F —> G(2, V). 

Therefore it holds that 

(A') 4 = (Fx G(2j y) 3t) U (nP&S\ Fp ) x G( 2 ,y) 

since 3* = if U P(p*~S\ Fp ). We set 

D' := (P(p*#S\ Fp ) x G(2iV) £)ry. 

It is clear by definition that A U U C A' = A U P'. Thus we have only to show 
that D' C A U D. We may consider D' is contained in F p x 5t . Then, by (16.41) . it 
holds that 

D ' = {([<?vi], M) I [ir,] e Pvi, (bvi], N) g y}, 
where l r) is the line of P(V) determined by the subscheme if. We set Suppry = 
{x\,X 2 }, where x\ and x 2 may be equal. Let Q be the quadric determined by 
qv 1 as in [231 Prop. 4.20] and B a symmetric bi-linear form defining Q. Then 
([ 77 ], \qv,]) G y means that B(x 1 , 22 ) = 0 by [21] Prop. 4.20]. Since [Vi] £ SingQ 
and [Vj] £ l v , we have rank B\i = 0,1. If rank B\i = 0, then l v C Q. Therefore 
[l v ] £ q\\ and then ( [qy ,], [ 77 ]) £ A by Proposition 16.4.21 111 . If rank B\/ v = 1, then 
B(x 1 ,^ 2 ) = 0 implies that X\ or X 2 = [Vl], namely, ([ 77 ], [qy 1 ]) £ D. □ 

7. Proof of Theorem 11.2.11 

Using the coherent sheaf V , we define the functor 4>i appearing in Theorem 

[mi 

Definition 7.0.5. Noting Y x X C y, we set 

A := V\yxx> 

and 

$1 := $ Pl : V b (X) —>■ V b (Y). 

In the subsection rm we prove the fully faithfulness of the functor 4>i verifying 
the conditions of Theorem 12.0.31 for V \. The arguments of this subsection are the 
same as those in [261 §8], and originally go back to [5] except technical differences 
in Propositions 17.l.!?l and 17431 

In the subsection 17.21 we show the fullness of the decomposition in Theorem 
11.2.11 which completes the proof of the theorem. This part does not appear in m 
since in the Calabi-Yau case, fully faithfulness automatically implies equivalence 
(cf. Theorem l2.0.3l) . In the course of this part, we also essentially see the relationship 
between Theorem 11.2.11 and the main result of [3Dj (Lemma 17. 2. 61) . In the proof, 
we follow a philosophy of homological projective duality; 
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let W be a codimension three linear section of SF containing X : and S the linear 
section of fV orthogonal to W ; 


X CW 

&DYDS. 


Then a strong relationship is expected among the derived categories of X, Y, and 


W and S. 


This philosophy is indicated in [33] in a special case, and in [34] generally. We 
closely follow the arguments in 133] . 

7.1. Fully faithfulness of $i. We will show that Vi is flat over X in the appendix 
lAl (Proposition IA.4~4l) . We denote by V x -i the restriction of Vi over the fiber of 
y x X —>• X over x. 

We verify the condition (ii) for 'Pi, i.e., the following vanishing: 

(7.1) Ext*(P Xi; i,P X 2 ; i) = 0 for any two distinct points x\ and X 2 of X. 

The starting point is the following vanishing. We follow the notation of Proposition 
16.3.31 and denote by (—t) the tensor product of 

Proposition 7.1.1. For any two points X\ and X 2 of 3F, it holds 

Ext '(l Xi *V X i , L X2t: V X2 (-t)) =0(1 < t < 5). 

Proof. The vanishing can be derived in a standard way from (16.711 and [25l Thm. 5.1]. 

□ 

To step forward, we need cut out V Xi ;i from V Xi (* = 1,2) in an appropriate 
way as in the following proposition, which will be derived in the appendix [A] from 
Proposition IA.4.41 (the subsection IA.41) : 


Proposition 7.1.2. There exists a ladder of complete intersections off!/ by mem¬ 
bers of |M^|; 


Fi C Y 2 C • • ■ C Y 6 c Yr (dim Y) = 2 + *) 


and coherent sheaves V Xi -j on Yj for i = 1,2 and 1 < j < 7 satisfying the following 
conditions: 


(1) Yi := Y and Y 7 := fV. 

(2) Yq := f / Xl and V Xl fi := 'Px 1 , which is a reflexive sheaf on Yq by Proposition 


rn~ii 


(3) I 5 := Y Xl PI "^ 2 , where the intersection is taken in fV. We denote by l\- 5 the 
embedding Y 5 ^ f Xi for i = 1,2. V Xl - 5 := ty*P X j and P X2;5 := i\PP X2 are 
reflexive on Y$. 

(4) We denote by ty, the embedding Yj <=> P)+i for j < 4. V Xi -j := t'Y j 'Pxnj +1 
reflexive on Yj for j < 4 and i = 1,2. 

In particular, the choices of Yj and Yq there turn out to be crucial in Steps 1 
and 2 in the following arguments. 

Step 1 (from fV to Y 5 ). In this step, we show 


(7.2) 


Exty“ 1 (P xi; 5 , P X2 ; 5 (-t + 1)) = 0 (1 < t < 5). 


Note that 


Ext*- 7 (t Xl „P ; 


'Px 2 (—t)) — Exty~ 1 (P 



L x 2 *'Px 2 {—t + 1 )) 
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by applying the Grotliendieck-Verdier duality (Theorem 12.0.21) to the embedding 
i Xl . The l.h.s. of this equality is zero for 1 < t < 5 by Proposition 17.1.ll Moreover, 
since l* Xi l X2 J> X2 - 5^2 - t v s JPx a -,5, we have 

Exty. ^ + 1 )) — ®xty g (P’xiGv' 5 t P :> 2;2;5(^i + l)) — 

Exty“ 1 (ty*7 : ’ Xl , 7 ? a i 2; 5(—t + 1)) ~ Ext^T 1 ('P xi; 5 , V X2 ; 5 (—t + !))• 

Thus (17.21) follows. 

Step 2 (from I 5 to Vj). In this step, we show 

(7.3) E x f Y -\p Xl . A ,r x2 . A (-t + l)) = 0 (l<f <4). 

Since 77^ ; 4 ~ ty 4 Pi i; 5 , we have 

^ Exty 4 {Vx-i-,4, 'Px 2 -A{—t + 1 )) — Exty 4 (ty 4 Pi 1 ; 5 iPi 2 ; 4 ( _ t+ 1)) 

— Ext*-,. 1 (P’xi; 5 > t + 1 )). 

From m and the exact sequence 

0 —> 'Px2\5{ 1) -1 A 2 ;5 — t t'Y i *'Px 2 ;4 ~t 0 
we obtain the exact sequence 

Exty s 1 (V Xi; 5,Vx 2 \5{—t + 1)) “* Ext*^ 1 (V X i-,4,,'P X2: 4,(—t + 1)) 

—>■ Exty 5 {V Xl -5, Vx2\b{ — t)), 

where, from dm the first term vanishes for 1 < t < 5 and the third term vanishes 
for 1 < t < 4. Thus (E3) follows. 

Step 3 (from Y 4 to ... to Y). In this step, we finish the proof of (17.11) . 

In a similar way to the argument of Step 2, we may prove 

Ext*- 7 1 (A 1 ;i, P£i; 2 ; i(—i + 1 )) = 0(1 < t < i) 

for i = 3, 2, 1. In particular, we have Exty _ 1 ( / P a , i; i, V X2 - } i) = 0, which is (17.11) . □ 

Finally we verify the condition (i) of Theorem 12.0.31 

Proposition 7.1.3. For any point x £ X , it holds that Vx-i) — C, 

where we recall that V x -i is the restriction of V 1 over x. 

Proof. Since V x -i is reflexive of rank 2 by Proposition 17.1.21 we have V x -i ~ 'Pjl-i ® 
det V x -i by [501 Prop. 1.10]. Therefore, the assertion is equivalent to 

HomCP* ; 1 ,P x * ; 1 )~C. 

Since P x -i is torsion free, we obtain an injection P*.i Q\y by restricting (16.51) 
to Y. Therefore we also obtain an injection Hom('P7 ; n 'P x -i) Hom(P* ; n Q*lyO- 
Note that Hom(7 : ’7-ii Q*\y) — H°(Y,V x -i ® Q*\y)- We can show that the r.h.s. is 
isomorphic to C by the argument to show cm using the locally free resolution 
(16.71) and 23 Thm. 5.1]. Indeed, this follows from the vanishing of Q*(—£)), 

H m {¥,T (g> Q* (—£)), and ® Q*(-f)) for 0 < t < 5, and the vanishing of 

Q® £>*(-£)) for 1 < t < 5, and Q® Q*) ~ H°(2V,Q®Q*) ~C. □ 

7.2. Fullness of the collection in Theorem 11.2.1] In this subsection, we show 

V Y = (^{V\X)), Oy(l), Oy(2)), 


which completes our proof of Theorem 11.2.11 
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Lemma 7.2.1. (1) The collection 

{OFii—1, ~ l)}l<j< 10 , Oy(l),Oy(2) 

is semi-orthogonal, where we omit the symbol Li* for 0 f 4 (— 1 , — 1 ) to simplify 
the notation. 

(2) We set 

(7.5) Cy := ± ({O Fi (-l,-l)} 1 < i < 10 )n(O ? (l),O ? (2)) ± . 

Then $i(C b (X)) C C Y . 

Proof. (1) First we see that 

Exf(O ? (Z),O Fi (-l,-l))~ff*(F i ,O Fi (-l,-l)) = 0 
for any l £ Z since C?y(Z) |j ? 4 = Of, ■ Moreover, 

Ext*(0 ? (2),0 ? (l)) ~H*(Y,Oy(-l)) ~H 3 -(Y,Oy(M + Kf)). 

The r.h.s. vanishes for • = 0,1, 2 by the Kawamata-Viehweg vanishing theorem 
since M is nef and big. For • = 3, since Ky = —2 M + F%: we have 

10 

H°(Y , Oy(M + Ky)) ~ H°(Y, Oy{-M + Y, Fi)) = 0. 

i= 1 

(2) Since O x (x £ X) are spanning classes of T> b (X) (see [ 271 Prop. 3.17] for 
example), it suffices to show that 

Vx-,i = ®i(O x ) £ C Y , 
which is equivalent to the conditions 

(a) = 0 for t = 1 , 2 . 

(b) Ext*(7 > x; 1 ,0f 4 (—1, —1)) = 0. 

(see (17.51) 1. 

First we show the claim (a). By m and [25J Thm. 5.1], we have 

H'(%,V x {-t)) = 0 

for any •, x £ ST, and 1 < t < 7. Then, by the argument to show (17.11) . we have 
H m (Y,V Xi i(-t))=0foit = l,2. 

Secondly we show the claim (b). By the argument to show (17.11) . it suffices to 
verify that 

Ext • rx ('P x ,0 F ~(F&)(-t)\r x ) = 0 (0 < t < 5), 

where we recall is the exceptional divisor for pW —> fF since F^\y = 
JJi=i Fi and Op~(F^)\y = ©)£ 1 OF i (—1, —1). By the Grothendieck-Verdier dual¬ 
ity fTheorem l2.0.2D . we have 

Ext^(P x , 0 F _(F # )| r J ~ E^+\l x *V x ,O f ^){-1)). 

Therefore the problem is reduced to verify that 

(7.6) ExfS\L x *V x ,0 F ^(F^)(-l - t)) = 0 (0 < t < 5). 

By the exact sequence 

0 —* Ogf —> O^(F^) —» O f ^(F # ) —> 0, 
the proof of (17.61) is reduced to show that 

(7.7) Ext*(i x ,P ai ,Oy(-l-t)) = 0 
and 

(7.8) Ext •(l x *V x , 0 # (F # )(-1 - t)) = 0. 
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As for (17.71) . the vanishing follows by (1G.7D and Thm. 5.1]; only for t = 5, we 
also need to use Prop. 5.9], As for (TTSI) . we have 

Exf(ix*V x , 0 # (F # )(-1 - t)) ~ Ext 9 -(0 # (F # )(-1 - t),L x *V x (K&))* 

by the Serre-Grothendieck duality. Moreover, by the adjunction formula Kpp = 
—8 M^p + Fpp (see (23] §4.8]), the r.h.s. is isomorphic to 

which vanish by (1G.7D and |25l Thm. 5.1]. 

Hence we have shown the claim (b). □ 

By Lemma 17 .2.1 1 and a general result in [7], V b (Y) admits the following semi- 
orthogonal decomposition: 

(7.9) V\Y) = ({O J , t (-l,-l)} 1 < i < 10 ,Cy ) O ? (l),O ? (2)). 

Then 

X>Y = (C Y ,Oy(l),Oy(2)) 

is nothing but the categorical resolution with respect to the dual Lefschetz decom¬ 
position of Fi as in the statement of Theorem 11.2.11 Therefore we have only to 
show 

(7.10) C Y = $i(2? b (X)) 

in the decomposition (17.91) . 

Let A be any object of 

^({^(-1, -l)}i<i<io, *1 (v b {X))) n (Oy(l), o ? (2)) x . 

The equality (17.101) follows once we show 

(7.11) A = 0. 

The rest of this section is devoted to proving it. The following argument is inspired 
by [33] §5] and [33J §6]. 

In the sequel, we take several smooth linear sections S of 2V such that 

S CY, 

and the orthogonal linear section W of 3F to S has only eight A (1,1,1 ^singularities. 
In particular, S and W satisfy the conditions (18.41) . Note that 

W D X. 

Since S does not intersect Sing ty, we may consider S CY, and we denote by 

a: S Y 

the natural inclusion. By a similar reason, we may consider X C W, and we denote 

by 

p:X^W 

the natural inclusion. 

We define 

V 2 := 'P\sxW 

and the associated functor 

$2 := V b (W) ^V b {S). 


We also use Cs and Cw as in the statement of Theorem 14.2.21 
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We give an outline of the proof. We chase the following diagram: 

V b (Y) — > V b (X) 

ex* ft* 

V b (S) —— V b (W). 

This diagram is not commutative but below we may evaluate $2 a* (A) i n Step 1, 
/3*$*(7l) in Step 2, and their difference in Step 3. From these, we deduce $ 2 a *(^) = 
0 in Step 4. Until Step 4, we just follow the arguments given in }331 §5] and 
[34l §6]. In Steps 5-7, we study more detailed geometries. In Step 5, we show 
a* {A) = 0 computing the functor $2 based on the flop equivalence U b (W) ~ 
V b (Zs) (Proposition [4TJ] (2)). Then we deduce A £ ®D b (Fi) in Step 6 by [33l 
Lem. 4.51. In Step 7, we finish showing A = 0 by studying a relation between Im $1 
and (BV b (Fi) in detail. 

Step 1. We show 

(7.12) $Za*(A)eC w , 
which immediately follows from the following lemma: 

Lemma 7.2.2. Im $2 C Cw ■ 

Proof. Considering the adjunction, it suffices to show that ^(B) = 0 for any 
BeC^. By the definition of Cw, we may assume that 

B = 0 Fi {- 2) (1 < i < 8), O w (-H ), O w (-L), or T. 

Let B be OE f {Ef) if B = 0e 4 (—2), and the corresponding locally free sheaf on 3t~ 
if otherwise. By the argument to show urn it suffices to show that, for any s £ S, 
Ft m (W, V s ,2 0 B) = {0}, where V s -2 is the restriction of V 2 over s, and this follows 
by showing H 9 (St ,j s *V s 0 B(—t )) = { 0 } for t = 0 , 1 , 2 . If B = 0e 4 (— 2 ), then 
this follows from (16.81) since the restrictions of fiV (—L), Og, and 

Og-(L — F[) to the fibers of Ef —> U 2 (P(U)) are direct sums of 0^2 and 0p2(l). 
Otherwise, the assertion follows from (16.81) and (25j Thm. 3.1]. □ 

Step 2. Since A £ J -(<i>i(2? f, (X))), we have $*(71) = 0 by adjunction. In particular, 
we have 

(7.13) £*$t(7l) = 0. 

Step 3. Now we estimate the difference between $ 2 a *(^) and /3*$i(7l). 

To formulate the claim precisely, we closely follow the argument of [34] §6]. By 
the commutative diagram 

S x X<—^ SxW 

r-\ 

cx cx 

Y x X^ YxW, 

we have a*V\ — @*V 2 - Consider the following cartesian product (cf. |341 Diagram 
(19) in §6]): 

(7.14) (Y x X) U (5 x Wf —Ufxlf 

r\ o 

s j 

rc- A -^ WxSF, 
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where both horizontal arrows represent divisorial embeddings. We set 

V := CV. 

Then, by the exact sequence 

0 °Sxw(°’ _1 ) °(YxX)U(SxW) °YxX °> 

we have an exact triangle on Y x W 

a*V 2 (0, — 1) —*■ i*P —t P*P\, 

which in turn gives an exact triangle of functors from V b (W ) to D b (Y ): 

$i/3' —> a*<&2 ~> o,i)i 

where <J> j; p^ 0 ^ is the functor with the kernel i*V{ 0,1). Moreover, taking the left 

adjoints of these functors, we obtain an exact triangle of functors from V b (Y) to 

V b (W ): 

(7T5) Krm -»• 

(cf. 1511 Lem. 6.14 and Cor. 6.15]). Our task is to estimate <f>* ~ (.A). 

Lemma 7.2.3. $* ~ (.A) belongs to Vy V (—H), where 

V 3 W := (O w , O w (H - L),3%H)) C V b {W). 

Proof. More generally, we show the claim for 

A e ± ao Fi (-1, -i)}i<i<io) n (0 ? (1),0 ? (2)) ± . 

The assertion is equivalent to 

e v 3 w , 

which we will prove by following closely the proof of El Lem. 6.18]. Consider the 
following diagram: 

(7.16) Y - YxW —— 

3 3 

Y ■* -Fx £ - 

"> p q 

S' « 

Sr Y _ Sf X 0 f~ _a- <fr 

r/ “ f/ A (A/ “ c Ay . 

9 ’ 

where the vertical arrows are closed embeddings and the horizontal arrows are nat¬ 
ural projections. Since the diagram (17.111) is an exact cartesian by [54] Lem. 2.32], 
we have 

Therefore, since the upper-right square of the diagram (17.161) is also an exact carte¬ 
sian, we have 4b p ~ ° 3* as functors V b (W) —X V b (Y) (see an upper part 

of p. 196 in the proof of El Lem. 6.18] for details). Taking the left adjoint, we have 
4>* ~ ~ j* o 4>|* ty v . Thus it suffices to show 

where is a functor from V b (^P) to V b (Y). Since the lower-left square is 

an exact cartesian by El Lem. 2.32], we have 

(7-17) 
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(see a lower part of p.196 in the proof of (341 Lem. 6.18] for details). Since Y is a 
complete intersection in W by six members of |M|, we have £* = ®Oy(— 6)[6] o £ ! . 
Then, by taking the left adjoint of (17.171) . we obtain p — p o £* o 

(8)0^- (6) [—6]. Therefore it remains to show that v o £*(4(6)) G . To com¬ 
pute the functor p, we calculate the Fourier-Mukai functors with the kernels 
appearing in the exact sequence (16.61) . Then, by taking account of [331 Lem. 2.28], 
it suffices to show B*(^, £*(4(6)) <8>co^) = 0. Note that 

10 

H m (&, £*(4(6)) ® w # ) ~ £*(4(-2M + ]T i 7 )))) ~ 

i =1 

10 10 

H 9 {Y,A(-2M + ^2 F i)) ~RHom*(0 ? (2M-^F i ),4). 

2=1 2=1 

Consider the exact sequence 

10 

(7.18) 0 -»■ Oy(2M Oy(2M) -»■ ©“jOp, -»• 0. 

2 = 1 

Since 4 G (0^(1), Oj-.( 2))- l , we have RHom*(0^>(2M), 4) = 0. Moreover, since 

4 G _L ({C , p i (—1, — l)}i<»<io), 

we have RHom*(Op i , 4) ~ RHom 3_ *(4, Op i (—1 — 1)) = 0, where the first isomor¬ 
phism is given by the Serre duality. Therefore, by the exact sequence (17.181) . we 
finally obtain RHom*(0^(2M — X^=i ^i)i^) = 0. □ 

Step 4. We derive 

$;a*(4) =0. 

Indeed, by (17.131) . (17.151) . and Lemma 17.2.31 we have $20!*(4) G T>^(—H). 
Combining this with (17.121) . we obtain $2a*(4) G Cw H T>y V -(—H), which implies 
that § 2 a* (4) = 0 since T>w = (V : ^ v (—H),Cw)- 

Step 5. We show a* (4) = 0. 

Since 4 G (Oy (1), Oy{2))- L , we have a*(A) G ((^(l)) 1 - = Cs■ Noting this, we 
show a more general claim; 

(7.19) For B G C s , if <S> 2 (B) = 0, then B = 0. 

Note that for C G T> b (W), it holds that Hom(B, ^(C)) = Hom^^-B), C) = 0 if 
$ 2 (B) = 0. Therefore, if we show 

(7.20) Im $ 2 generates Cs, 

then we have B = 0 as desired in (17.191) . We show the claim (17.201) . 

First we see that 4 > 2 (Ow) = Q|s, and in particular, 

Qls G Im$ 2 - 

Let pi: S x W —> S be the first projection. Then the assertion is equivalent to 
P 1 CP 2 — Q\s and R'pi JP 2 = 0 for • > 0. We denote by V s -2 the restriction of V 2 
over a point s G S. Since V 2 is flat over S by Proposition IA.4.41 the problem is 
reduced to compute H*(W , Vs- 2 )- By [25] Thm. 3.1], we have the vanishings of the 
cohomology groups 

H m {&, /G[2V) {-L-tH )), H m (St,r(-{t + l)H)), 0 £ {L - (t + l)H)) 

for t = 0,1,2, and H m (3C,0g(—tH)) for t = 1,2. Thus by (16.811 . we obtain 
H°(W,V S - 2 ) — C 3 , and H m (W,V s - 2 ) = 0 for • > 0. This implies the assertion by 
taking account of (16.61) . 
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To proceed, we describe the properties of 

A 2 := A| Sx ^. 

We denote by p: A 2 — > S, q : A 2 —> W, pi : Zs x W —»• Zs, and p 2 : Z$ x W —> IV 
the natural projections. We also denote by p: A 2 —>• 2(s and ir: Zs ^ S the natural 
morphisms factoring p, and by j: A 2 ^ Zs x W the natural closed embedding. 


Z s x W 



Lemma 7.2.4. q: A 2 —> W is the blow-up along the flopping curves of W —> W, 
and p: A 2 —>• Zs is the blow-up along the flopped curves of Zs —> W, where we 
recall that W C G(2, V ) is the image of Zs and W. 

Proof. We recall that —> fV and 3? —> W coincide over the locus of rank > 3 
points by [24] Prop. 4.20]. Therefore the restriction of fZ over S coincides with Zs- 
Then, by (16.91) . we may consider 

A 2 = X G(2,V) ^)\ Z s xW = X W 

Since W ---» Zs is an Atiyah’s flop by Proposition 14.1.11 (2). it is well-known that 
Zs x w W has properties as described in the statement. □ 

Now we show that, for any object C £ Cs, there exists the following exact 
triangle: 

(7.21) H U (S, C ) 0 Q\ s -> $ 2 (q*P*C) -> C[-l] -)• H' +1 (S , C) 0 Q| s . 

This immediately implies (17.2011 since Q\$ G Im$ 2 . 

The key ingredient to show (17.211) is the following exact sequence relating V 2 
and A 2 , which is derived in the appendix lAl (the subsection I A. 41) : 

(7.22) 0 —> Os 13 Qyy(-L) —> Q\ s 13 O^y —^V 2 —r oj&. 2 /s 0. 

We derive the exact triangle (17.211) by computing the Fourier-Mukai functors 
from V b (W) to T> b (S) whose kernels are the terms of (17.221) . 

• ®o s ®o w (-L)(q*P*C) = 0 . 

Indeed, we have H m (W , q*p*C 0 Oyy(-L)) ~ H m {Zs , 7r *C 0 Oz s {—L)) 
since q*p* is an equivalence and q„p*Oz s {L) = Oyy(L). Then the assertion 
follows from the following chain of isomorphisms: 

H*(Z S , tt-C 0 Oz s (-L)) ~ H\Z S , 7 t*C 0 c u Zs )- 
RHom 3 — Ozs)* ^ RHom 3 — (C, O s )* ~ RHom— 1 (wg 1 , C) = 0, 

where the second isomorphism follows from the duality on Zs, the third 
isomorphism follows from fully faithfulness of 7r* [TT] (note that 7r is a P 1 - 
bundle), the fourth isomorphism follows from the duality on S , and the last 
equality follows from C £ Cs = (w^ 1 ) 1 . 
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* ®Q\ s ®oJ<l*P* C ) = Hm ( S ’ C )®Q\s- 

Indeed, we have H*(W 7 q*p*C) ~ H*(Zs,n*C) since q*p* is an equiv¬ 
alence and q*p*Oz s = O^y. Moreover, H*(Zs,n*C) ~ H*(S,C) since 
7r: Zs S is a P 1 -bundle, and then n* is fully faithful by [41] . 

• ^a 2/s (9*P*C) = C[-l}. 

Note that the l.h.s. precisely stands for ^j,ui A2/s {q*P*C). Since Zs —-> 
W is an Atiyah’s flop by Proposition 14. 1. ll the functor q*p* is the Fourier- 
Mukai functor with the kernel j*0 A2 by 0- By [341 Lem. 2.2.8], the left 
adjoint of &j,o& 2 '■ Y> b (Zs) —> T> b (W) is the Fourier-Mukai functor with the 
kernel 

{j*0 a 2 )# := RHom{j*0\ 2 , ^wxZs/Zs^) — 
j*R'Hom(0 A2 ,j'uj WxZs /z s [ 3]) ^ i*w A2 /z s . 

Since is an equivalence, we have 

^0,Oa 2 )* ° — 7T*C- 

Since wa 2 /s = wa 2 /z s <8> P*^z s /S, we have 

t>j^ 2/s (q*P*C) ~ <*W 2/S o 4 >„Oa>*C) ~ 
$?,^A 2 /z s ®Pi *«z s/S 0 $ ),Oa 2 (^C) - 7T*( 7r *C' <8> W Zs/S ) ~ C[—1], 

where the last isomorphism follows by Theorem 12.0.21 since Z$ —> S is a 
P 1 -bundle. 

Therefore we obtain (17.211) . 

Remark. Step 5 indicates that the functor $2 induces an equivalence between Cw 
and Cs in Theorem 14.2.21 

Step 6. We show A £ ©D & (i£). 

By Step 5, we have a*(A) = 0 for any smooth S C Y such that its orthogonal 
linear section W has only £(1,1, ^-singularities. Then, by J33] Lem. 4.5] and the 
following lemma, we see that the supports of cohomologies of A are contained in 
1 ,10 p 

Lemma 7.2.5. For any point y £ Y \ U|£-j Fj, we may choose a smooth S through 
y such that its orthogonal linear section W has only eight £(1,1, 1)-singularities. 

Proof. By the Bertini theorem, a general S through y is smooth. Let Fl y C P(S 2 F) 
be the hyperplane corresponding to y 7 and Q y C P(V) the quadric corresponding 
to the image of y in P(S 2 F*). Note that rankQ^ = 3 or 4. Then F[ y cut out Q y 
from U 2 (P(F)) by the projective duality of U 2 (P(V)). By the orthogonality between 
X and Y, X is contained in H y . Let T be the linear system of hyperplane sections 
of 3F D Fly containing X. Then a codimension three linear section W of 3F such 
that X C W and its orthogonal linear section of contains y is of the form W = 
SFC\H y C\Hi IIH 2 with Fli , H 2 £ F. We have only to show such a general W has only 
eight |(1,1, ^-singularities, equivalently, U 2 (P(V)) D Fl y D Hi n H 2 = Q y D H\ fl H 2 
consists of eight points for general H 1 and H 2 . This follows since the base locus of 
r is X and X D U 2 (P(V)) = 0. □ 

Therefore, we have shown A £ S)V b (Fi). 

Step 7. We finish the proof of (17.111) . 

For this, we need to investigate the relationship between V b {Fi) and Im$i (the 
arguments become related to the result of [SO]. We continue arguments in the next 
subsection). 
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First we review some classical geometries of X. It is well-known that X has ten 
elliptic fibrations Fi: X —>• P 1 (1 < i < 10), and each fibration has two multiple 
fibers. Let Si, S[ be the supports of the multiple fibers of 7q. In EH Lem. 5.13], these 
are described by geometries of Y as follows. We denote by P(Ig a ) UP(V r 3 b ) the rank 
two quadric corresponding to the singular point y, G Y. Let Pfc = {C 2 | C 2 C V^} 
(k = a,b ), which is a u-plane. By |241 Prop. 3.7], the fiber of Z —» Y over yi is 
P a Uipt P&. Then P„fll and P& PI X are the supports of two multiple fibers of an 
elliptic fibration. From now on, we denote by 7q this elliptic fibration and we set 

6 Z := P a n X, % := P fc n X. 

By this choice, we may consider 

Si and S[ correspond to Of, (1,0) and 0 Fi ( 0,1), respectively. 

Lemma 7.2.6. 

(7.23) *i(0x(-*i)),*i(0x(-*i)) e V\Fi), 

and T> b (Fi) admits the following semi-orthogonal decomposition : 

(7.24) V b {Fi) = (OF.i-Y-V^^Oxi-SiV^iiOxi-S’^OF,). 

Proof. We only treat Si for the claim (17.231) by symmetry of Si and S(. For this 
claim, it suffices to show that 

H*(X,Vy-i <8> Ox (-Si)) = 0 for any y £ \ F % , 

where we recall that P y; % is the restriction of V\ over y. Since P a is a tr-plane as 
above, its ideal sheaf 2p a has the following locally free resolution: 

(7.25) 0 -»■ 0 G (2,v) (-1) ->• ? ->■ 2p„ ->• 0. 

By considering X to be contained in 3F , Si is the intersection between X and 
y _1 (P a ). By (17.251) . the ideal sheaf 2T g -i(p 0 ) of y -1 (P a ) on 3t has the following 
locally free resolution: 

(7.26) 0 —»• Og-(-L) —>• T —>• I g ~i(p a) —»• 0, 

where we have suppressed g* in y*T for simplicity. Now we represent X as the com¬ 
plete intersection of four members Hi, ... ,Hi of |0^-(1)| such that, by projective 
duality, Hi corresponds to the image on & of s and H 2 corresponds to yi, where 
we recall that yi is the image of F % on Y . This choice of H\ and H 2 is crucial for 
our argument; Hi ^ H 2 since the image on W of s is different from yi. Note that 
H 2 contains y _1 (P a ). Then, by a similar argument to the proof of (EH), we obtain 
the desired vanishing of H m (X,V y -i®Ox(—Si)) by (16.81) . (17.261) and [23 Thm. 5.1]. 
Now we derive the decomposition (17.241) . By Lemma T7. 2. II (2), 

f>i(Ox(-^)),$i(Ox(-«) e ± {OF i (- 1 , -1)) n (0 F y 

in V b (Fi). Since we have shown that $1 is fully faithful in the subsection 17.11 
$i(CM-<Si)), an< ^ ‘f’l (Ox(-S'i)) are exceptional objects on V b (Fi). Thus we obtain 
an exceptional collection; 

Of, (-1, -1), $i(O x (-8i)), ^i(Ox(-S'i)), 0 Fi . 

We conclude that this collection is full by Theorem 12.0.41 □ 


Now the claim (17.111) follows from Step 6 and Lemma [7.2.61 and then we have 
finished our proof of the fullness of the collection in Theorem 11.2.11 □ 
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7.3. Relation with the result of Ingalls and Kuznetsov. In this subsection, 
we give a new proof of EH Theorem 4.3] using the functor $i. For this, we refine 
Lemma 17.2.61 
We describe 

A 1 : = A Ifx.Y 

with the natural projections 

p: Ai —> Y and q: A± —> X. 

Lemma 7.3.1. (1) Any fiber of q: Ai —>• X is a tree of P 1 ’s, and a general fiber 
is the strict transform of a copy of P 1 in Y of degree 1 with respect to M. In 
particular, R m q*0 Ai = 0 for • > 0. 

(2) p: Ai —> Y is a finite morphism outside a finite set of points on Y. A 0- 
dimensional fiber of p is a length six subscheme of X. A positive dimensional 
irreducible component of a fiber is a line or a conic on X with respect to Ox (L) ■ 
Moreover, for any point y £ Fi, the fiber of p over y is a 0-dimensional sub¬ 
scheme 

V v = rj + rf, 

where rj ~ L\s t and rf ~ L\s> as divisors on Si and 5[, respectively. 

Proof (1) Let x be a point of X. By Proposition 16.4.21 ('ll. q~ 1 (x) parameterizes 
conics in G(2, V) containing \l x \ and corresponding to quadrics in P 3 (we recall 
that Y (~l = 0). By Proposition 14. 1. ll (1), quadrics in P 3 containing l x form a 

line in P3. If this line does not pass through singular points of H, then q~ 1 (x) is 
isomorphic to this line. This gives the description of a general fiber of q as in the 
statement. 

Assume that this line passes through at least one singular point of H. Let Q be 
the rank 2 quadric corresponding to this singular point. 

We show that l x is not contained in the singular locus of Q. Actually, this is 
a classically well-known result (cf. E Ex. VIII.19 (# 2 )])- We give a proof here 
for readers’ convenience. By the projective duality between Stf = S 2 P(V) and 
SmgjY = S 2 P(V*), Q corresponds to a hyperplane Hq C P(S 2 V) tangent to 3F 
and, moreover, Stf fl Hq is singular along S 2 P(V 2 )- Since f(x) £ 3F is contained 
in S 2 P(V 2 ), 3F PI Hq is singular at f(x). This is a contradiction since X can be 
written as X = 3F fl Hq fl Pi fl Hi H P 3 with three hyperplanes Hi, H 2 , P 3 , and 
then would be singular at f{x). 

We write Q = P^ 0 ) UP(Kf). We may assume that l x C P(f 3 a ) and l x <£_ P(f 3 b ) 
by the previous paragraph. Let l a 0ilb be a rank two conic corresonding to Q , where 
Ik ■= {C 2 | V-f C C 2 C V^} (k = a, b) with 1-dimensional subspaces Vf C V3 1 fl V£. 
Then l a U lb contains [l x ] if and only if [Vf] £ l x . Under this condition, [Vf] is 
determined as \Vf] = l x n P(l3 a fl Uf). Therefore the conics l a U lb containing | 7 X ] 
form a copy of P 1 as lb varies. Consequently, any component of q~ 1 {x) is a P 1 . 

The second assertion in (1) follows from the first. 

(2) Let y be a point of Y. Since Y PI = 0, the fiber of 31 —> fV over y is a 
conic, which we denote by q y (Proposition 15. 3. Tl) . Then, by Proposition 16.4.21 (2L 
p~ 1 (y ) = g~ 1 (q y ) CiX, where we consider Id. 

Let y be a point of Y such that dimp - 1 (y) = 0. We write X = Hi r\H 2 nPsnPp 
where Hi £ |(9^(1)| (1 < * < 4) and Hi corresponds to the image of y on P 3 by 
the projective duality. Then the P 2 -bundle g~ 1 (q y ) is contained in Hi, and hence 
P~ 1 (y) = 5 _ 1 (9y) H H 2 l~l H 3 fl P 4 . We see the degree of the r.h.s. is six since 
degS 2 T| 9y = 6 . 

From now on we consider X C G(2, V). Then p _ 1 (y) = q y fl X. 
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If a positive dimensional subvariety of Y is contained in the subset of y’s such 
that dimp _1 (?/) > 0 , then A" is covered by the images of components of q y for 
such y' s, a contradiction since X is not ruled. Therefore, there exists at most finite 
number of such y’ s. 

Now let y be a point of Fi. Let l a U lb be the rank two conic corresonding to y , 
where Ik := {C 2 | V-jf CC 2 C V 3 } (fc = a, b) with 3-dimensional subspaces V 3 k as in 
Step 7 of the proof of (17.111) and 1-dimensional subspaces V-f C V" D V 3 . Then the 
fiber of p over y is (l a U 4) H X. It is equal to ( l a D 6i) U (4 D S-) since P„Dl = Si 
and Fb D X = 5[. If l a C 5j, or lb C 5[, then P a D P& £ X. This contradicts the 
third paragraph in the proof of Lemma \7. 3. II (1) since P a D P& corresponds to the 
line contained in P(Kj“) D P(Ig h ). Thus ( l a U 4) H X is a 0-dimensional subscheme 
of length six. Setting 77 = ! a H <5,; and rf = If, Hi)', we obtain the final assertion of 
the lemma since Op a (l)\s i = L\$ i and 0p b (1)4/ = L\s>. □ 

Remark. It is possible to construct an example such that p has a positive dimen¬ 
sional fiber. 

In pTOl . Kuznetsov and Ingalls obtained the following result: 

Theorem 7.3.2. We define the following triangulated subcategories A x and Ay- 
in V b (X) and V b (Y), respectively: 

V b {X) = ({Oxi-sjyli^Ax), 

V b (Y) = ({O F< (-l,-l)}^ 1 ,{O Fi (0,-l)}^ 1 ,^,O ? (l),^(2)). 

Then there exists an equivalence Ax — Ay ■ 

Refining Lemma 17.2.61 as in the following proposition, we deduce from Theorem 
ll. 2 . 1 l that <f>i induces an equivalence Ax —t Ay', which immediately gives another 
proof of Theorem 17.3.21 

Proposition 7.3.3. 

<f>i(O x (-5i)) =O Fi (0,-l)[-l], ^(OxH)) = Of 4 (-1,0)[-1]. 

Proof. By symmetry, we have only to show the claim for Si. We denote by 
pi: Y x A Y and p 2 : Y x A ->• A, 
the natural projections. 

We compute <I> 1 (C?(— Sf)) explicitly by using the descriptions of Ai as in Lemma 
17.3. 11 and the following exact sequence relating V\ and Ai, which is derived in the 
appendix [A] (the subsection I A. 41) : 

(7.27) 0 —> Oy S3 O x ( — L) —t Q\y E3 Ox —t P\ —t ® O x (— L) —t 0. 

We split (17.271) ®P20 X (—Si) as follows: 

(7.28) 0 —> Oy H3 O x ( —L — Si) —> Q\y E3 O x (— Sf) —> C — > 0 , 

(7.29) 0 ->• C ->• Vi ® O x (—Si) -»• cv A i/9 ® O x (-L - 5() -»■ 0, 

where we use K x = 81 — 5 j in (17.291) . 

Step 1. We will derive the following short exact sequence by computing of 

H72SD . 


(7.30) 


0 -t R 1 p u C H°(X, O x (L + S'))* ®Oy-> 
H°(X, Ox(S'i))* < 8 > Q\y -* 0. 
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Indeed, by (17.281) . we obtain pi ...C = 0 since H*(X, Ox {—L—Si)) ~ H*(X,Ox{—Si )) 
0 for • = 0,1. By the Serre duality, we have 

H 2 (X , Ox(-L - St)) ~ I7 0 (X, Ojc(L + <5'))*, H 2 (X , O x (-6i)) ~ H°(X, O x {S[))* 
since K x = S[ — S t . Consider the map 

(7.31) H 2 [X , O x {-L - JO) ® Oy -»■ H 2 (X, O x (-Si)) ® Q| ? 

obtained by taking of (17.281) . It is easy to see by the Serre duality that this 
map is dual to the map 

(7.32) H°(X, Ox(S')) ®Q* |p -»• H°(X, O x (L + S')) ® 
induced from the map 

(7.33) S*|yBO x ^Ox(h)B0 ? , 

which is obtained by taking the dual of (17.271) . We see that the cokernel of (17.321) is 
a locally free sheaf since the map (17.321) at the fiber of any point y £ Y gives three 
linearly independent members of \L + S[\. Therefore the map (17.311) is surjective, 
and then we have R 2 p\ *C = 0 from (17.2811 . Now we have obtained (17.301) . 

Step 2. We will derive the following exact sequence by computing pi* of (17.291) : 


(7.34) 0 -»■ {p*q*O x (L + S'))* R y p u C -> 

R y Pu{Vi ®P2*O x (-Si)) -»■ i?V{w Ai/? ® Ox(-i - -5')} ->• 0. 

Moreover we will obtain 

(7.35) $i(O x (-Si)) = R 1 Pu(V 1 ®P2*O x (-S 1 ))[-1]. 

Indeed, by Lemma 17.3.11 (2), we can describe R m p*{oJ Ai /y ® O x {—L — <5')} as 
follows: 

• R 2 p*{gj Ai ,y ® Ox{—L — 5')} = 0 since any fiber of p has dimension < 1 . 

(7.36) dim Supp R [ p». {w Al /y ® Ox{—L - S))} = 0 

since the support is contained in the union of the images of positive dimen¬ 
sional fibers of p. 

• P*{u Xi /y ® O x {-L - <5')} - ( p*q*O x (L + S[))*. 

Indeed, this isomorphism holds outside the union of the images of posi¬ 
tive dimensional fibers of p by the relative duality (Theorem 12.0.21) . Then, 
actually this isomorphism holds all over Y since the sheaves on the both 
sides are reflexive by the proof of CHI Cor. 1.7]. 

Then, by taking pi* of (17.2911 . we have R 2 pi * (Pi ®P2*O x {—Si)) = 0 (note that we 
have already shown R 2 p\ if C = 0). We also have pi*()Pi ® P2*O x (—Si)) = 0 since 
it is at most a torsion sheaf by Lemma 17.2.61 and (p*q*O x (L + S[))* is torsion free 
(note also that we have already shown pi*C = 0). Therefore we obtain (17.341) and 
(17351) . 

We set 

(7.37) A:=R l Pu (T l ®p2*Ox(-5i)). 

Now the problem is reduced to compute A explicitly, which will be done in Step 5 
below. 


Step 3. We compute the duals of (17.301) and (17.341) . 
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As for (17.301) . we immediately obtain 

(7.38) 0 -> H°(X, Ox(S'i)) ® Q*\y -»• H°(X, O x (L + <f')) <g> -»■ 

(#W)* -> 0 . 

As for (17.341) . we have 

(7.39) 0 {R'puCy -)• p*q*O x (L + <5') -> £at^(A 0 ? ) -t 0. 

Indeed, this follows by noting 

• p*q*Ox(L + 8'i) is a reflexive sheaf on Y by Lemma 17. 3. II (2) and the proof 
of [23 Cor. 1.7]. 

• i? 1 pi H ,C is a locally free sheaf on Y by (17.301) . and then £xt 1 {R 1 p\*C, Oy) = 

0 . 

• £xt*(R 1 p^{uj Ai ^y <g> Ox{—L — 8'^},Oy) = 0 for • < 3 by (17.361) and |TU] 
Cor. 3.5.11], 

Step 4. We will prove the composite 

H°(X , O x (L + 8')) ® ->■ (i?V*C)* -)■ p*q*O x {L + 8') 

induced from (17.3811 and (17.391) coincides with the natural map 

(7.40) H°(Y,p„q*O x (L + 8[)) ® p*q*O x (L + 8') 

up to a linear isomorphism of H°(Y 1 p*q*O x (L + <5')) onto itself. 

Indeed, in (TORI) , we have H m (Y, Q*\y) = 0 for any • since H u {&, Q*(-t )) = 0 
for 0 < t < 6 by [25] Thm.5.1, Prop. 5.9]. Therefore the map 

(7.41) H°(X, O x (L + 8[)) -> H°(Y, (R'puC)*) 
induced from (17.381) is an isomorphism. Note that 

H°(Y,p*q*O x (L + S')) ~ H°(A u q*O x (L + S')) ~ H°(X, O x (L + <5')), 

where the second isomorphism follows from R'q^Oxx = 0 for • > 0 ([Lemma 17.3.II 

(1) ). Since the map 

(7.42) H°(Y, (R'puCy) -4 H°(Y,p*q*O x (L + S')) ~ H°(X, O x (L + S')) 

induced from (17.391) is injective, the composite of (17.411) and (17.421) is an isomor¬ 
phism. This implies the assertion. 

Step 5. Now we compute A as in (17.371) and finish the proof of the proposition. 

Note that A is a locally free sheaf on Fj by Lemma 17.2.61 and Theorem 12.0.41 
Therefore, by duality, we have 

£xt\{A, Oy) ~n(ym Fi (A,0 Fi (Fi)) ~ A*(-l,—1), 

where A* means the dual of A as an O^-module. By (17.391) and Step 4, A*(—1, —1) 
is the cokernel of (17.401) . Let y £ Fi be a point. Then the fiber p: Ai —> *3f over y 
is the 0-dimensional subscheme rj y = rj + rj of degree six described in Lemma 17.3.11 

(2) . We will show that the natural map H°(X, O x {L + d')) —> O^^L + d')) 

is surjective, and the natural map H°(X, O x {L + S')) —>■ ff°(i 7 , O v (L + 51)) has one 
dimensional cokernel. 

Since H — L = 8[ — Si, we have 

(7.43) H + Si = L + 6 '. 

We show the assertion for rf. By (17.431) . we have the exact sequence: 


0 ->■ Ox (L) —> O x (L + 5[) -»■ O k ( H) -»■ 0 
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since d,: fl S' = 0. This induce a surjection H°(X, Ox(L + <5')) —> H °(<5', Og>.(H)) 
since H 1 (X , Ox(L)) = 0 by the Kodaira vanishing theorem. We consider the exact 
sequence 

0 ->• 0 S '. {H — L) 0 S[ (H) ->• CV (if) -> 0, 
where we note that L\s>. ~ 77 b Since (if — L)|^' is a torsion divisor, we have 
if*(<5',(if — L)\s'_) = 0 for • = 0,1. Thus the induced map H°{S[, Og'.{H )) —> 
if 0 (77', Orj' (H)) is an isomorphism, and then the induced map H°(X, Ox (L+<5()) —1 
H 0 (S , i ,Os’ i (H )) —* H°(r]',O v '(H)) is surjective. 

We show the assertion for 77 . By (17.431) . we have the exact sequence: 

0 -»■ Ox(H) — > O x (L + Si) -»■ 0* (L) -»• 0. 

This induce a surjection if 0 (X, C?x(L+<5')) —t f7°(<5i, 0a, (L)) since if 1 (X, Ox{H)) = 
0 by the Kodaira vanishing theorem. We consider the exact sequence 

0 0 Si -t 0 Si {L) ->• 0,(L) -> 0, 

where we note that L |$ 4 ~ 77. Thus the induced map Og i (L)) —> H°(r ], O v (L)) 

has one dimensional cokernel, and then so does the induced map H°(X,Ox(L + 
S')) -> H°(6i,0 Si {L)) -> HOfrML)). 

In particular, A is an invertible sheaf on fy. Moreover, if y moves on a fiber cor¬ 
responding to 6), then the fiber of A at y does not change. Therefore A*{— 1, —1) = 
OFi(a, 0) with some a € Z. As we have seen above, (|7.39l) induces an isomorphism 
H°(Y, (Rfpi^C)*) ~ if ,P*q*Ox{L + <5')), and, by (17.381) . we have 

H*(Y , (fiVi„C)*) = 0 (• = 1 , 2 , 3). 

Moreover, by the Leray spectral sequence for p , H 1 (Y,p*q*Ox{L + 5 ' i )) is contained 
in H 1 (Ai,q*Ox(L + 61)), and, by TTq*Ox 1 = 0 for • > 0 (Lemma 17.3.11 flii. the 
latter is isomorphic to H 1 (X, Ox{L + <5')), which is zero by the Kodaira vanishing 
theorem. Thus we have H 1 (Y,p*q*Ox(L + <5')) = 0. Therefore, by (17.391) . we 
obtain H m (Fi, A*{— 1, —1)) = 0 for • = 0,1. Thus we have a = —1, which in turn 
shows A = OFi (0, —1). 

□ 


Appendix A. Locally free resolution of ty*V 

A.l. Locally free resolutions of the ideal sheaves of A. The aim of this 
subsection is to construct locally free resolutions of the ideal sheaves of A in fV x ST 
and Y. 

Theorem A.1.1. (1) The ideal sheaf I of A in <¥ x St has the following SL(V)- 
equivariant locally free resolution: 

(A.l) 0 ->S L EOg(H-L)-tf*®2{H)-> 

E S 2 S(H + L) © Q*(M) E 0#{H) -)• 

I(M + H + L) ->• 0, 

where the symbol g* for T* and S 2 T* is omitted, M + H + L means the twist 
by Oay(M) [3 Oag(H + L), and we follow Convention ]! .5. fl 
(2) Setlx/y '■= 1/T-y, the ideal sheaf of A in V. Then has the following 

SL (V)-equivariant locally free resolution on ~V : 

(A.2) 0 ->S L mO^lH-L) ->■ f* SJ(ff) ->• 

Oay E Tgr/ q(2, V )(L) © 2 (M) Kl O^(H) —> 
i-y + H + L) —> 0, 

where Tag v ^ is the relative tangent bundle for the morphism ST —» G(2, V). 
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Remark. The twist by O^(M) [3 Og(H + L) turns out to be convenient in the 
proof of Theorem 16.3.21 below. 

The proof of Theorem I A. 1.1 1 is almost identical with that of (251 Thm. 5.1.3], so 
we only give its outline below. 

We recall the diagram (16.101) . The starting point is the following locally free 
resolution of the ideal sheaf Iq of Ao in G(2, V ) x G(2, V) (cf. [26l Prop. 5.1.1]). 

Proposition A.1.2. The ideal sheaf Iq has the following Koszul resolution: 

(A. 3) o -► A 4 (g* a 3 (9* A 2 (g* ei 3) -> g* b j -> z 0 -> o. 

Let Ige be the ideal sheaf of ^Ap on 3 s x ST. By pulling back the locally free 
resolution (IA.3I) to S£ x SC, we see that 1 ^ has the following locally free resolution, 
where we omit the symbols of the pull-backs: 

(A.4) o ->• A 4 (g* bj)-> A 3 (g* A 2 (g* 

We recall that we denote the transform of on S¥ also by ST a . We set 
¥° := ¥\ 7T ¥° := ¥\ 

By Proposition l5.3.11 — > < 3S° is a conic bundle and a fiber of 7f ^ris a non u-conic 

on G(2, V). Now we calculate the pushforward of (IA.4I) by k ^r:= 7r^rx id^: SC x 

SC — > SC x SC over its flat locus SC°. _ 

Until the end of this subsection, we consider only on SC° x ST to calculate the 
higher direct images for 7T^r. To simplify the notation, we abbreviate the symbols 
for the restriction. 

Then we obtain the following exact sequence on the locus SC° x SC: 

(A. 5) 0 -> A 4 (S* RH^ A 3 (S* 

R 1 TC^ A 2 (g* H T) 1° -> 0, 

where 1° is the ideal sheaf of A° and is equal to k ^T^. 

By Proposition 12 .0.21 for the morphism S£° x ST —> SIS 0 x SC, we have 

rh^ A 4 (S* h T) * fe{w(g H T) ® u>* xSt/ gr xSt })*. 

Note that 


w sexsti^xst ~ P r 2 w 2r/^ — w ar / & ^ Os£ — OjgiM L) 13 Qg , 

where the second isomorphism follows from the formula of the relative canonical 


divisor K 




k ¥ i & = m-l 


(cf. |26l Prop. 4.5.1 (3)]). Thus we have 

R 1 ! r^A 4 (S*SJ)~ 

fe{A 4 (g IE T) ® (Ojgf—L) IE O^)} <g> (d # (M) E 0^))*. 

We write down this more explicitly. Note that, by [18l Exercise 6.11], it holds that 

A*(g e t) ~ 0 z A g E Y. y 3 *, 


where A are partitions of i with at most 2 rows and column, and X' is the partitions 
dual to A. 
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Now the exact sequence (IA.5I ) <XiO«z(M) Kl G ^{H + L ) on the locus ?F° x SE is 
presented as follows: 

0 —> (tt SgJDSg{L))* IXI Og{H — L) —y (ir^S)* ^ ${H) —>■ 

El S 2 3{H + L) ® (vr ir JS 2 g(-l)))* El 0#(H) 

—y I°{M + H + L) -+ 0. 

We would like to compute the following sheaves explicitly: 

(A. 6 ) -K^O^L), 7 Tjr S, 7 T^r (S 2 g(~l)). 

For this, we estimate these sheaves using constructed in the subsection 15.31 
Let 7 T^r t : —y ^ and jo*: S ’ 4 —» G(2, V) be the natural morphisms. We set 

G := G(2, V”) x ,2 ° 4 has a better description in G than 3f. Namely, is the 
complete intersection in G with respect to a section of Q^Gq/ 2 ,v){^-) by Proposition 
15.2.11 and then the sheaf O ^ has the following Koszul resolution as a Og-module: 

0 —y &3 —y £*2 —y S\ —y Gq —t G^ —y 0 , 

where we set 

Si :=A'Q^O G(2 , y) (-!) for * = 0,1, 2, 3. 

Using this Koszul resolution, we show (cf. [ 251 Lem. 5.6.2]) 

Lemma A.1.3. (*) (L) ~ S* L , 

(77) 7T ^5 — U G* Gqj/, Q,7ld 

{Hi) 7 Tjpj*(S 2 g(—1)) — Q{—M — F p ), where we omit the symbol of the pull-back 
(jo 4 )* in the l.h.s. 

These are good estimates of the sheaves in (IA. 6 I) . Indeed, for any sheaf B on 
P(/9jA«S), we have a natural map tt ^r tt {B\^r t ) —y 7 Tjr {B\^fj on W, which is isomor¬ 
phic outside F p . Moreover, if 7 r^ + ( 6 |^;) is locally free, then the map is injective. 
Note that this is the case for each sheaf as in (IA. 6 I) by Lemma [A. 1.31 (i)-(iii). 
Finally we obtain (cf. [25] Prop. 5.6.4]) 

Proposition A.1.4. 

7 T^O^iL) ~ S* L , TT^g ~ f, TT^r (S 2 g(- 1 )) ~ Q{ — M). 

Now we have obtained the following locally free resolution of X°{M + H + L): 
(A.7) 0 ~^S L MG £ {H-L) -> f* mX{H) ->• 

C> # H S 2 T(tf + L) © Q*{M) K 0#(H) -y 
X°{M + H + L) ->• 0. 

Let (-oyo be the open immersion y St ^ fF y. 3£. As in [251 §5.8], we see 
that iay 0 T° — X and the locally free resolution (IA.7I) extends to (IA. 1 I) . 

Now we complete an outline of our proof of Theorem IA.1.11 (1). 

Next we consider Theorem IA.1.11 (2). The ideal sheaf X-y of V on <3/ x SC is 
isomorphic to G<^(—M)MOg-{—H). The injection G^{—M)MG^{—H) —y G^ xS g- 
is SL(U)-equivariant since V has a natural SL(U)-action. We note that 

Horn(0 # (-M)H0^(-H),0 #x ^) ~ 

Horn(0 # (-M), 0 # ) ® Hom(0^(-i7), G £ ) ~ Hom(S 2 U, S 2 U), 

and Hom(S 2 V, S 2 U) ~ S 2 U ® S 2 U* contains a unique one-dimensional represen¬ 
tation, which is generated by the identity element. Thus the above injection is 
induced from the identity element of Hom(S 2 U, S 2 U) up to constant. 
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We have an SL(E)-equivariant map 

0#{-M) El 0 £ (-H) -»■ 0 # (-M) H S 2 J, 

which is induced from the inclusion O p ^ s2 gr^(—1) —> S 2 ©, where we omit the symbol 
g* for S 2 ©. Therefore we have an SL(E)-equivariant map 


It is easy to verify this is nonzero. Therefore, by the uniqueness of such a map, its 
image coincides with ly. Then it is easy to obtain a locally free sheaf of iy PX^/y 
from (IA.1I) by replacing S 2 3 r (H + L) with S 2 3 r (H + L)/0^{L). Now we consider 
the relative Euler sequence associated to the projective bundle SX = P(S 2 T): 

0 -s- 'Cgf/G( 2 ,v )(~- f 0 0- 


Then 


(A.8) S 2 J(H + L)/0^(L) 

— T 3t/G(2y) (L), 

hence we obtain (fA~2l) . □ 


A.2. Locally free resolution of iy*P . To show Theorem 16.3.21 we start from 
some preliminary constructions. We set 

(A.9) /C := Coker (j(M + H + L) ^ X A/ y(M + H + L)). 

Then we have the following commutative diagram with exact rows and column: 


(A.10) 


0 


0 


Ci(M + H) -- ty*J(M + H + L) -^ 0 


0-C 2 - C 3 -S- C 4 © Cl (iff + H ) - iy it X A /y(M + H + L) ->- 0 

C 3 - >■ C 4 -►> iy^K, -0 


0 


0 , 


where we set 

Ci := <2* El Og, C 2 := S L mO £ {H- L), 

C 3 := T*®J(H),C4 Og, Kl Tgf/QQy) (L) 

for simplicity of notation, and the first row comes from the definition of J, the 
second row is exactly (IA.2I) . and the third row are derived from a simple diagram 
chasing. 

Now we will extend the third row of this diagram to a certain complex. By the 
second row, we have the map C 2 —» C 3 . Moreover, by [55j Rem. 3.4 (3), Rem. 5.12 
(2)], we obtain a nonzero unique SL(E)-equivariant map Ci —> C 3 up to constant. 
Therefore we obtain a map Ci © C 2 —> C 3 . 
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Lemma A.2.1. The third row of the diagram (IA10D and the map C\ ® C 2 —> C 3 
obtained above induce a complex ; 

(A. 11 ) 0 — y C 1 0 C2 —^ C3 —^ C4 — y L-y */C — y 0, 

which is exact except that the kernel of the map C 3 —y C 4 does not coincide with 

Ci 0 C 2 • 

Remark. It is useful to split (1 A. Ill) into the following three short exact sequences: 

{ 0 — y C\ 0 C 2 — y /Ci —^ /C 2 — y 0, 

0 ->• /Cl c 3 -a /c 3 -> 0, 

0 — y /C 3 —>• C 4 — b-y^K. —^ 0, 

where we define AC 1 to be the kernel of the map C 3 —y C 4 , AC 2 to be the cokernel of 
the inclusion Ci © C 2 '—>- /Ci, and AC 3 to be the kernel of the map C 4 —y t-x*/C. 

Proof. By the diagram (IA.10I) . we have only to show the following claims (a) and 
(b): 

(a) 

(A. 13) C\ — y C3 — y C4 

is a complex (note that C 2 —y C 3 —y C 4 is a complex by Theorem lA.l. II (2)). 

(b) 

(A.14) Ci © C 2 —y C 3 

is injective. 

Proof of the claim (a). 

It suffices to show the composite (I A. 131) is a 0-map at the generic point of fV x ST 
since the target C 4 of (IA. 131) is locally free, hence is torsion free. Therefore we only 
consider points (y, x) of fV x ST such that & —>• fF is isomorphic at y, namely, 
y ^ F p . Then the fiber of the sheaf T* at y is isomorphic to V*. Note that a 
point x £ ST corresponds to a pair ( V 2 ,Ui ) of [V 2 ] G G(2,V) and one-dimensional 
subspace U\ ~ C C S 2 V 2 - 

Step 1. We calculate the map C 3 —>• C 4 at ( y,x ). 

For this, we treat the twisted map C 3 (—H + L) —y C 4 (—H + L) instead. Note that 
the fiber of T* is V 2 *, and the fiber of T^/g( 2 y )( — H + 2L) is S 2 y 2 */ {Ui®(/\ 2 V£)® 2 ) 
since Tg(-H+2L) ~ S 2 S*/0%-(—H+2L) by (1A.8|) AD Now we take a basis 

ei, 62 of V 2 and extend it to a basis ei,..., e 4 of V. Note that Hom(T*, Ogt) — V 
andRomiS* 1 5 2 S* fO £ {-H+2L)) ~V*bygM Rem. 3.4 (3), Rem. 5.12 (2)]. Then 
the map C 3 — y C 4 is the unique nonzero SL (R)-equivariant map corresponding to 
the identity of Horn (VC V) ~ V* 0 V up to constant. Note that, at each fiber, the 
natural map Hom(T*, O^p) ®T* ^ O$ is the canonical projection V 0 V* — y C, 
and, by Hon^T*, S 2 T* /Og^—H + 2 L)) ~ Hom(T*, S 2 ©*), the map 

Horn)©*, S 2 ©*/ 0 £ (-H + 2L)) S 2 S*/0 £ (-H + 2L) 

is the composite 

(A. 15 ) y* 0 v 2 * -y v 2 * 0 y 2 * -»• s 2 y 2 * -> s 2 v 2 */{ih 0 (A 2 y 2 *)® 2 ), 

where the first map in (IA.15I) is induced from the natural surjection V* —y Vf , 
and the second map is the canonical projection. Therefore, at each fiber, the map 
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Cs(—H + L) —> Ci(—H + L ) is defined by 


(A.16) 


P* <8 V* 9 e* ® e* i ^ 

4 

(^ e k ® 4) ® e* <8> e* G (V <8 V*) <8 (V* <g> V 2 ) i-a 

fe=i 


0:i = 3,4, .7 = 1,2 
1 <8e*e* : * = 1,2, j = 1,2 


ec®s 2 y 2 *. 


In other words, V* (£> V 2 * —y C<8S 2 I4* — S 2 !^* coincides with the natural projection. 
In particular, it is surjective, and hence the support of the cokernel of the map 
C 3 —y C 4 is contained in F p x StS. We postpone to determine the support until 
Lemma IA.2.21 

Step 2. We determine the kernel of the map Cz(—H + L) — y C^—H + L ) at (y, x). 
We denote a generator of U\ by a(ei ) 2 + b{e 162 ) + c(e 2 ) 2 . It is easy to see that 
this corresponds to the element c(e 2 ) 2 — b(e\e 2 ) + a(e 2 ) 2 of U\ ® (A 2 !^*)® 2 C S 2 !^* 
by the natural pairing S 2 I4 x S 2 I4 C (14 <8 14) x (14 <8 14) —> A 2 I4 <8 A 2 I4AD 
Thus it is the image of c{e\ <g> el) — b{e\ 8 e 2 ) + a(e 2 ® e 2 ) eb*® 14* by the map 
(IA.16II . Consequently, the kernel of the map Cs(—H + L) —y Ci(—H + L ) at (y,x) 
is a six-dimensional vector space with a basis 


el <S) e{, e* 3 ®el, 


■-li 


el e 


* 
2 ’ 


e* <8 e 2 — e 2 <8 e*, c(ej (8 ej) - b{el 8 e\ ) + a(e 2 (8 e 2 ), 

which we denote this by A. 

Step 3. Now we will complete the proof of the claim (a). 

We also consider the twisted map 

(A.17) Ci(— H + L) —> Cs( — H + L ) — y CA— H + IS) 

instead. Note that, at the point ( y,x ), we have 

Q* C A 2 P* and 0^{-H + L) ~ lh (8 A 2 V 2 *. 

Therefore, to show (1A. 171) is a 0-map, we have only to see the image of the map 

(A. 18) A 2 V* (8 {U\ <8 A 2 V 2 *) ->• V* <8 V* 

is contained in A. By writing down the map (IA. 181) explicitly like (IA.16|) . we see 
that the image of an element 

(e*®e*-e*(8e 2 )(8(a(ei) 2 + 6(eie2) + c(e2) 2 )(8(ej;Ae;) G A 2 P*8(148 /\ 2 V 2 ) {i < j) 
by the map (I A. 181) is 

(A.19) S u e* (8 {ae* 2 - ^e*) + S 2i e* <8 (^e 2 - cel) - S 2j e* 8 (^e 2 - ce\) G V* (8 V 2 * 

(Sim is Kronecker’s delta), thus, is contained in A as desired. Now we have proved 
that (IA.13I) is a complex. 

Proof of the claim (b). 

By twisting O ^(—H), we show 

(A.20) Q* MO^{-H)®S l ®Og(-L) -yf* 8 ? 

is injective. It suffices to show this at a general point since the sourse of this map 
is locally free, hence is torsion free. 
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Let W C A 2 V* be the fiber of Q* at a point of <3f. Then, since the fiber of S* L 
is (A 2 V*/W)*, the fiber of Sl is the orthogonal space to W with respect to the 
natural pairing 

A 2 L* x A 2 V* -»• A 4 W. 

Thus we denote by W 1 - the fiber of Sl- Now we take a basis ei,..., e 4 of V and 
consider 

W= (e{ A 4, el AeJ-eS AeJ.eS Ae^). 

Then we have 

W 1 - = (e * 2 A el, el A e% + e\ A e\, e\ A e^). 

This W corresponds to the point y of & associated to the pair of the rank 4 quadric 
X 1 X 4 — X 2 X 3 = 0 and a family of lines on it, where X \,..., X 4 is the coordinate of 

V associated to the basis ei,...,e 4 . This y is a general point of fV. Take a 

point x £ 3F associated to a pair (V 2 , U\) of [V 2 ] £ G(2,V) and one-dimensional 
subspace U\ C S 2 !^- By generality, we assume that x Ef. Therefore we can 
choose a basis p = 9 = 5Zi=i °f V 2 such that U\ = Cpq. Similarly 

to the computations in the proof of the claim (a), we can describe the images of 
Q* IEI Oag-(-H) —» T* El T and Sl E3 Og(—L) —» T* El T at (y, x) as follows: 

• The image of W ® U\ —> V* ® V 2 is the subspace with a basis 

el ® (piq + qip) - el ® (p 2 q + q 2 P), 

e-l ® (piq + qip) - e* ® (p 4 q + q 4 P) - e * 3 ® ( P 2 q + <M?) + el ® (p 3 q + q 3 p), 

el ® ( P 3 q + 93 P) - el ® ( p 4 q + q 4 p)- 

• The image of TT 4- ® A 2 14* is the subspace with a basis 

el ® (P 2<7 - q 3 p) -e* 2 ® (p 4 q - q 4 P), 

e * 3 ® (P 2 q ~ q 2 P) - el® (p 3 q - q 3 p) + el® (piq - qip) -el® (p 4 <? - q 4 p), 
eg ® (pig - gip) - ej ® ( p 3 q - q 3 p). 

Therefore, after elementary calculations, we conclude that, if p 3 ^ (74 and p\q 4 + 
P 4 qi ^ P 2 q 3 + p 3 q 4 , then the image of W ® U\ © W 1 - ® f\ 2 V* —> V* ® V 2 is a 
6 -dimensional vector space. Therefore (IA.20I) is injective. □ 

We need more detailed descriptions of K, and K . 2 . 

Lemma A.2.2. (1) /C is an invertible sheaf on the variety D, where we recall that 
D is an irreducible component of A' (the subsection \ 6 . 4ti . 

(2) The cokernel IC 2 of the inclusion map C\ © C 2 K.± is a coherent sheaf on V 
of generically rank 2 . 

Proof. 

(1) As we have already observed in the proof of Lemma TA. 2. II (Step 1 in the proof 
of the claim (a)), the support of K. is contained in F p x 3F. We take a point 
associated to a pair (V 2 , U\) of [V 2 ] £ G( 2, V ) and one-dimensional subspace 
Ui C S 2 F 2 . We also take a point y of F p lying over a point [V\] £ S? p ~ P(V). 
Then the image of T* —> V* ® O^ at y is (V/V\)* J\D We can proceed in the 
sequel by following the argument of the proof of the claim (a) with replacing V* 
with (V/Vi)*. For example, we consider the map (V/V\)* ® V 2 * —>■ S 2 !^* instead 
of (IA. 161) . We also follow the notation there. Then we see that the map C 3 —> C 4 
is surjective in the case where V\ <£_ V 2 . Suppose that Vj c Lj. Then, by letting 
ei be a basis of Vj, the image of the map C 3 —> C 4 is generated by the images of 
el el, (el ) 2 in S 2 V 2 /(Ui ® (A 2 V 2 *)® 2 ). It implies that the map C 3 —> C 4 is surjective 
when c ^ 0, and the cokernel of the map C 3 —> C 4 is one-dimensional when c = 0. 
The condition c = 0 means that the point of 3F corresponds to a 0-dimensional 
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subscheme whose support contains the point [Vi], namely, ( y,x ) £ D. Therefore 
we have shown the claim ( 1 ). 

( 2 ) First we note that IC 2 is a torsion sheaf on W x SC. Indeed, K,\ is a sheaf on 
& x 3V generically of rank 6 since C 3 —> C 4 is generically surjective by the claim 
(a) in the proof of Lemma [A. 2. 11 and rankC 3 = 8 and rankC 4 = 2. Therefore /C 2 is 
a torsion sheaf since rank C\ = rankC 2 = 3. 

Now taking the duals of the short exact sequences (IA. 121) in the remark after 
Lemma TA. 2. 11 we obtain the following exact sequences: 


0 > C| —> /C3 > £xV t 0, 

£xt l (K, 3 ,0^ x£ ) ~ £xt l+1 (L-y*lC, Oay x g) (i > 1 ), 

0 —!> /C 3 —> C 3 —> /C* —> £xt l (K, 3l ^ 0, 

£xt l (K,i,0^ xSt ) ~ £xt l+1 (K. 3 ,0^ x g) (i > 1 ), 

0 — > /C* —> Cj © C2 £xV (/C2 , %■) ~^ £xt l (/Cl, 0 <sy x ig) 0, 

£xt l (JC 2 ,Ogf x g.) ~ £xt t (K. 1 ,Op xS g.) (i > 2 ). 


Note that £xt l [i-yj£, ®ijy x &) 7 ^ 0 only for i = 4 since (,-^*/C is the invertible sheaf 
on D by (1), and Z? is smooth and of codimension 4 in ^ x by Lemma [6.4.31 
(see DB Cor. 3.5.11] for example). Therefore we see that £xt 2 {K,2,0^ x3 ^) ~ 
£xt i (Ly*K,,O r p x g), and £xt l (K. 2 1 0 ^ x £-) ^ 0 only for * = 2 and possibly i = 1 . 

Moreover, we see that we can compute det/C 2 = TV as a sheaf on f x by 
using the exact sequences (1A.12I) . Thus £xt 1 {K, 2 ,Oay x g) is actually nonzero and 
is supported on V, and K, 2 is generically of rank 2 on 'V. □ 


We show that the locally free resolution as stated in Theorem 16.3.21 will be 
obtained by taking the dual of the complex as in Lemma TA. 2. II 


Proof of Theorem 16.3.21 

By the proof of Lemma TA. 2. 21 (2), we obtain the following exact sequence: 


(A.21) 0 —(Day IE f l 1 ^ V ^(—L) —» T IE T* (-H) —> 

Q S E O eg (L — H ) —> £xt^ (K, 2 1 ®oy x ^ 0- 


Therefore it remains to show that Ly£P ~ £xt 1 (KL 2 , O 

By Lemma [A. 2. 11 the commutative diagram (I A. 101) is extended in the following 
one with exact row and column except the third row: 
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(A.22) 


0 


0 


Ci(M + H) -- iy*J{M + H + L) -- 0 


0->• C2 - C 3 ->■ C 4 © C\{M + H) ->■ bySZ A jy(M + H + L) -► 0 


0-► C\ © C 2 -**■ C 3 ->■ C 4 -s- Ly^IC ->- 0 


0 0 . 

From this diagram, we will construct a surjection /C 2 —>• V*(M + H). Note that 
the diagram induces a surjection from the kernel /Ci of the map C 3 —> C 4 to the 
kernel of the composite 

0 © Ci(M + H) —> C 4 © C\{M + 7L) —> by fX^/yl^M -\- H L). 

The latter is also the kernel of C\(M + H) — > by^JfM + H + L). Therefore, by 
(16.51) . we have a surjection /Ci —>• V*(M + H). Now we verify that the composite of 

Ci©C 2 —t C3 —> C\iyM + if) 

from the diagram (IA.22I) and the restriction map C\{M + H ) —> C\{M + ff)|r is 
a 0-map. Indeed, the map C 2 —>• C 3 —► C±(M + i?)|y/ is clearly a 0-map since it 
comes from the second row of the diagram (IA.22I) . By construction, the map Ci —> 

C 3 —>• Ci(M + H ) is SL (V)-equivariant. Since the uniqueness of such a map 1 [251 
Lem. 5.10]), this is the natural map which is obtained from 0^ x £{—'V) —> 
by tensoring C\{M + H). Thus C\ —> C3 — > C\{M + H)\y is also a 0-map. 

Consequently, we obtain a surjection /C 2 — /Ci/(Ci © C 2 ) —> V*[M + H). Let 8 
be the kernel of the surjection K .2 —> V*(M + H). By Lemma fA.2.21 (2), K .2 is a 
coherent sheaf on V and is generically of rank 2, and V* has the same property 
by construction, thus the support of 5 is properly contained in ~V. Hence we have 
£xt 1 (T*{M + H),Oay x g) ~ £xt 1 (K. 2 ,Ogf x g-). Finally, bv Theorem l2.0.21 we have 
£xt 1 (V*{M + H ), O r jy x g : ) ~ iy*V since V is reflexive on "V. □ 

A.3. Additional descriptions of V . Now we collect some results about V , which 
are used in the section [ 6 ] 

Applying Lemma [A. 2. 21 we can compute the dual of (16.511 explicitly, in which V 
and A are more directly related. 

Proposition A.3.1. The dual of (16.51) induces the following exact sequence: 

(A.23) 0 ->• O& El Og{-L)\y -» Q El O$\y ->■ V ->• © ojy 1 © Gg(-L) -> 0. 

Moreover, £xt' l {bySP,Oay xS ^) is nonzero only fori = 1,2, and£xt 1 {bySP,0^ x £-) ~ 
iy*(V*)(M + H) and £xt 2 {by£P,0^ x a^) is an invertible sheaf on D. 

Proof. Taking the dual of (16.51) . we obtain 

(A.24) 0 -> El 0 £ {-L)\y -> QMO^\y -*V -> £xt 1 { J(L), Oy) -> 0, 

and 

(A.25) £xt i (V*,Oy) ~ £xt i+ 1 (J(L),Oy) for i > 1 . 
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By the definition of /C (see (IA.9M . we have the exact sequence 
(A.26) £xt i (K.(-M - H), Oy) -»• £xf (X A/ y (L), Oy) -»• 

£xt\J(L), Or) -»• £xt i+ 1 (K(—M - H), Oy) 
for any i. By Lemma rA.2.21 ('ll and pTOl Cor. 3.5.11], we have 
(A.27) £xtf()C(—M — H), Oy) ^ 0 only for i = 3, and 

£xt 3 (K.(—M — H), Oy) is an invertible sheaf on D. 

Therefore 

(A.28) £xt i (l A/ y(L), Oy) ~ £xt i (J{L),Oy) for i ± 2,3. 

On the other hand, by the exact sequence 

0 —> I A /y(L) —> Oy(L) —> O a (L) —> 0, 

we have 

(A.29) £xt i {l A/ y{L),Oy) =0 (i> 2), £xt 1 (l A/ y(L) 1 Oy) ~ £xt 2 (0 A (L),0y) 

since A is smooth and of codimension two in Y Proposition 16.4. D . We note that, 
by the standard computation of dualizing sheaf of A (Theorem 12.0.211 , we have 

£xt 1 (l A /y(L),Oy) ~ £xt 2 (0 A (L ), Oy) ~ua® Wy 1 0 Og-(—L). 

Therefore we obtain the first assertion by (IA.24I) . (IA.28I) and (IA.29I) . By (IA.25I) . 
(IA.28I) and (IA.29I) . we have £xt l (Y*,Oy) = 0 for * > 3. By (IA.25I) . HA.261) . (IA.27I) . 
and (IA.29I) . we also have £xt 2 (V*,Oy) = 0, and £xt 1 (Y*,Oy) is an invertible 
sheaf on D. Since Y is reflexive on Y, we have Y ~ Y*(detY) by [201 Prop. 1.10], 
where AetY is the invertible sheaf (det Q + L)\y on V by (16.51) . Therefore we have 
£xt l (' P , Oy) ~ £xt l (V *, Oy) 0 det V. Finally, by the Grothendieck-Verdier duality 
('Theorem 12.0.2D . we have 

£xt i (iy*V, 0^ xSt ) ~ Ly*£xt l -\r, Oy(M + H)). 

Therefore we obtain the second assertion. □ 

We can read off the following assertion about £xt*(J',0^ x ^) from the proof 
of Proposition IA.3.11 above. 

Proposition A.3.2. £xt*(J,0^ £■) is nonzero only for • = 1,2,3. £xt 1 (J,0^ x ^. 
£xt 2 (J,Oay x g), and £xt 3 (J 1 0^ x g.) are invertible sheaves on Y, A, and D, re¬ 
spectively. 

Using (IA.23D . we derive flatness of V from that of A (Propositions IBTT7T1 and 

E33- 

Proposition A.3.3. Y is flat over 3Y and over & \ 

Proof. We split (IA.23D into two short exact sequences; 

0 —> Ofy E Oag-(—£)\y —t Q E Oojr\y —t A —> 0, 

and 

0 —)■ A —y Y —^ uj a 0 ojy 0 Oafr^ — L) —y 0, 
where A is the cokernel of O^ IE Og-(—L)\y -)■ QH By the first exact 

sequence and EH Thm. 22.5], we see that A is flat over and & since O^ IE 
0$r(—L)\y —> Q E Og-\y is injective when it is restricted to the fibers over St 
and <3f. Therefore the assertion follows in a standard way from flatness of A and 
Propositions 16.4.11 and 16.4.21 □ 
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A.4. Cutting A, D and V. The aim of this subsection is to derive the properties 
of the several restrictions of V which we quote in the subsections 16.3117.21 and 17.31 
We take Y and X as in the subsection 13.21 and S and W as in the subsection 
13.31 We recall that 

Ai = A\y xX , A 2 = A| Sxl y 

and now we also set 

D\ = D\y xX , D 2 = D Sxl y, 

where D is an irreducible component of A' (the subsection 16.41) . We denote by A x -i 
and D x -\ the fibers of Ai —> X and D\ —> X over x G X respectively, and similarly 
for the fibers over a point of Y 1 and for A 2 and D 2 . 

Proposition A.4.1. (1) For any s £ S, A s;2 is cut out from the fiber of A —>- 2Y 
over s by regular sequences. For any s £ T, D s;2 is cut out from the fiber of 
D —> F p over s by regular sequences, where we recall that T is the ramification 
locus of the double cover S —> P 2 . 

(2) A 2 and D 2 are cut out from A and D, respectively by regular sequences. 

Proof. By [391 Thm. 17.4 (iii)], A| Sx _^ and D\ VxS jr are cut out from A and D , 
respectively by regular sequences since A —>• and D —> F p are equidimensional, 
and S and T are cut out from fV and F p , respectively by regular sequences. 

Therefore, for (2), we have only to show that A 2 and D 2 are cut out from 
A | Sx £- and D | rx ^;-, respectively by regular sequences. Then, by the flatness of 
A | Sx £- —>• S and D\ TxS g —> T, it suffices to show the assertion (1) by |33 Cor. to 
Thm. 22.5]. Let s £ S be a point. Since W is cut out regularly by 2 members of 
|U| from Ys, it suffices to show that A s;2 of A 2 —>• S over s is 1-dimensional, and 
D s - 2 of D 2 —» T over s (if s € T) is 1-dimensional (here we use the descriptions of 
fibers of A —> *3? and D —» F p as in Proposition 16.4.21 (2) and Lemma 16.4.31 and 
H3 Thm. 17.4 (iii)]). 

As for A 2 , it is isomorphic to the blow-up of Zg along all the flopped curves by 
Lemma 17.2.41 Since Z —» S is a P 1 -bundle, we see that any fiber of A 2 —> S is 
1 -dimensional. 

As for D 2 , we assume by contradiction that D s . 2 C W is 2-dimensional. Let 
[Vi] be the vertex of the rank 3 quadric corresponding to s. By the definition of 
D and dimH s;2 = 2, we see that the image D s - 2 C W of D s . 2 coincides with the 
p-plane Py^. Let Py C Zg be the strict transform of Py-j. If Py contains a fiber 
q of Zg —> S, then q parameterizes lines in P(V) through [Vi], hence the image 
of q on S is contained in T and corresponds to a rank 3 quadric with [V) ] the 
vertex. Since the genus of T is three, T is not the image of the rational surface Py . 
Therefore Py contains at most a finite number of fibers of Zg —> S , and hence 
Py —> S is dominant. This means that any fiber of Zg —>• S contains at least 
one point corresponding to a line through [V) ]. Therefore any quadric in P 2 passes 
through [Vi]. Since BsP 2 coincides with u 2 (P(V)) nP 2 J ‘j [Vi] is one of wfis. This is 
a contradiction as in Step 5 of the proof of Proposition 14.1.11 (21. □ 

Proposition A.4.2. (1) For any x € X, A x; i and P l; i are cut out from the fibers 
of A —>• and D —> over x, respectively, by regular sequences. 

(2) Ai and D\ are cut out from A and D, respectively by regular sequences. 

Proof. Let x G X be a point. Arguing as in the proof of Proposition IA.4.11 it 
suffices to show that the fiber A x; i of Ai —>• X over x is 1-dimensional, and the 
fiber D x .\ of Pi —> X over x is O-dimensional since Y is cut out regularly by 5 
members of |if| from 

As for Ai, the assertion follows by Lemma 17.3.II 
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We consider D\ —>• X. Let x\ + xi be the 0-cycle corresponding to x. By the 
definition of D , the fiber of D —>• St over x consists of points corresponding to 
p-conics contained in the p-plane P Xl or P X2 . By El Prop. 4.20], such p-conics 
correspond to singular quadrics with x\ or X 2 contained in the vertices. If D x .\ is 
positive dimensional, then P 3 C P(S 2 U*) contains a pencil of singular quadrics with 
X\ or X 2 contained in the vertices. In particular, H contains a line, a contradiction 
to the assumption (HOI) . □ 

In the sequel, we use the notation defined above Proposition 16. 3. Ill 

Proposition A.4.3. V x is a reflexive sheaf on n V x . £xt' l [i x fP x ,0 ajf) is nonzero 
only for i = 1,2, and £xt x {i x fP x , O^) ~ l x *(V*)(M) and Sxt 2 {i x fP x ,0^) is an 
invertible sheaf on D\y x . The locally free resolution (EH) restricts to 3f, namely, 
the following is exact on 3S : 

(A.30) 0 ->• Of -> f ® 2 -)• Q ® S* L -4 t x ,V x 0. 

A similar assertion holds for V v with y £ 3A \ 22^. In particular, we have the 
following exact sequence on St : 

(A.31) 0^fI^ G ( 2 y )(-L)->-3 r *(-IL)® 4 ->' 

0 ^® 0 £ {L-Hf>* 0 . 

Proof. We only show the assertions for V x . The first assertion follows from the 
second assertion of Proposition IA.3.I1 and [251 Lem. 1.1.13] since X and D are 
restricted by regular sequences to the fiber of Y —> St over x. 

Note that the ideal sheaf J x of A'| y x is J®Oy x by Proposition lA.3.2l and [ibid.] 
since "V, A and D are restricted by regular sequences to the fiber of V —> St over 
x. Therefore EH induces an exact sequence 

0 -t VI -)■ Q*|r. -A Jx 0 . 

Using this, we obtain the assertions for £xt*{i x ^V Xl O,^) in a similar way to the 
proof of Proposition IA.3.11 

By splitting (16.61) into two short exact sequences, we can prove the second as¬ 
sertion in a very similar way to the proof of Proposition IA.3.31 bv pM Thm. 22.5] 
using the flatness of V. □ 

We recall that 

V\ := P\yxXi 'P ' 2 := 'P\sxW- 

Proposition A.4.4. V\ is flat over X, and V 2 is flat over S. 

Proof Proofs for both assertions are similar, hence we only consider V\. 

By Proposition IA.3.31 P Xy I is flat over X. Let x be any point of St. By 
Proposition IA. 4. 2l ill, the descriptions of £xt*(i x fP x , O^f) in Proposition IA.4.31 
and |28l Lem. 1.1.13], Y is cut out from 3f by P^-regular sequences. Therefore V\ 
is flat over X by [391 Cor. to Thm. 22.5 (2)=>(1)]. □ 

We note that it is possible to derive Proposition l7.1.2l bv the proof of Proposition 

1X441 

Deriving (17.2211 and (17.271) . We only derive (17.271) . Note that the ideal sheaf 
J\ of A , |^ x x is J <g) Oy xX by Proposition IA.3.21 and [251 Lem. 1.1.13] since "V, 
A and D are restricted by regular sequences by Proposition IA.4.21 121. Therefore 
EH induces an exact sequence 

0^7>r Ji(L)-M). 
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Taking the dual of this exact sequence, we obtain (17.271) in the same way to derive 

□ 
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